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Elash'cffy, P,eaoe/ecfn'u'fy and 6«7;1‘:,/ Lattice /)ynamrc5
K-¥. Mindliv

%Var‘fmenf of Civif L’n?ineerl'u% Coluwbia Um'uers‘(ﬂ// Weew York

Avstral — A review of some recent deve/o'omeu'f: 1h the erea botuweon t+he
dynam;w( 'f".eory of cr7§f~u/ (zthics/ 1 tie harwonce a//,/rax/maf-r;m aud e
7/

da,‘ﬂ:’—df lincar thecries of e/aﬁ‘r'c}/--, and V{ézoe/ea‘riufy.

(. Introduction

The differeqtial ezuaf'(oﬂs of the clussical Meor7 ot the aurso-

+ro'ou_/ elastic conttiuum are He /ong wave , [ow Frefuena,/ lrim il of

the +nife o ffercace ez wations of t+he d«./naou(w/ f%@on’ o f crystal
lattices of mass particles . L’ousézawﬂyl Solutrons of He ditfercuce
e?uahous converge to e COrres’dcv\d:m? solu Feous of the 4 Ffeveatra(
ezua+éons as perids wad wave lengfis tircrease . Conveffe/-// the two de-
verge as per(.ods aud. wave /eu?f—(s discacsh or, (a the ease ot eguilib -
hu\mj us dimenscons diniaisl, The discre,paucT (s even Greafer betuen
classccal ///étae/ecf'r('c/TY atd #eedera Meories of He crystal laTFrce oF
pa(w{éaé(e afoms because these tfwo Lo not even conyery et the o,
wave, low Fre%ueucu, liwa (T T both cases , rle defects are due ro insaf -
freeat com stHeraf'z&nl,;f Hee contFrmuym Meor:'ﬁs/ T the stbrture o< cryst-
als cud the wmteractions hefuecea atoms or woleculcs -

Duml(r the pust dozca years, there has beea o ve vivar of
a(h'vH‘T amed at exfe.admc, the raunge of the classicar Fheorics of
&(a,f—"u'ﬁ«’ auad e xo e/ea‘n'u.}‘.] U acCouuf For wmwore aspec cts ©f Stryc-
fure aad interatomc :éfe/aLfc;Jus. Deve(o/m«cm‘: ba. e /ar«Jr(”dd a(auj
namerous puths 1 C/u.d:faj : (1) rediscoveries oF te €arly Ferms aus
e while of Cauc/u/'s (1] wafiadde series vepreésenfatron ot an elasfic

solid with a pen‘otfl'c structure — ez-u'i.a/enr e fuﬂl.m, o account

all «f the a:rad:én?‘s of stmwn (n the poteatial enéryy deu;/‘f\/; @) fory-
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wlafion T Contituuue theorres of deforwmafon and po(anz»m‘ro'n et cr«,:fa/s witt

Com pgund lattee strcture ; (3) revival and exv¥ensions oF the Cosscral 2]

Contruum representation ot molecular Cr«-(s)‘-q(s/- (¢) auﬁmen*fu‘ho'n 0 F the

Clussecal (Voﬂjf (3])\ ‘H@oq ¢t P:ééce/ec‘/'r(:ciTy Fo mclude The contribution

fasiassa g

ot +he ﬁrudIEW'fcf the electroaic pelarizaticn,

Y

%

Vot «ti of e nE dwclg“;.«eu‘: contribure Ko reduckica oFf tus

.

E qup betwcea coattruum and lathee +*heories f they qre V,'-(a7'cd ca the

; qrounds Fhat e extended rangs o ¥ He confiruum thcory wmast conform Fo the

laThie theorq n that rangé auad thal rhc augasared (’Zuuh.’m> usT al-

‘ commeduT e thscrved er gbscrvable Plu(sl‘cal %énamu“ nef ucczunree fecr -y

*° the classiiwt Iﬁfor}/. However, e -FO//ow:;Azr Faverable concluscows cam b

i reached ! . .

4 ) The C'.zuc['tyw‘y/f theorres are accCprable i f «f feasT thae first ]
% Aud Sscrond ﬁrad:énh ot shuan are 1hcluded . Then tHie addctional terms tn

‘x the dt.J/.?z?r’il;n rela fion For p(amc wayvés Can be wmartthéd fu the ear (}/ ferms ‘
of He laTtice dti;férsu)n relefion wetbhountf sacrifvil"t? /oN}‘/;(’ ol Cevig e ness

of the Vofenf-:é:/ cuzigy den;l‘)“lr; and te Pﬁﬂnomeaau of surfuce cuerqy ol

j detormation wakes (Ts eppcarnace for centisqmmertric as well as non -

:' (em"ra:7mo«ef'n.c cryrﬁc/s (e lalter rezut?lh‘? on/7 the strac ana s

7 €irst jruduévtf'}-

é, (2) Tke contriuu eziuaf'u;us develyyed veceatly foy Frarfeuecc

erysfuls are tle correct, longy wuve [tariFs of e differeace 67uah}ms of

He Mal/- type (atfie of both muss mrﬁckﬁ and polarie ablt uftus

v and .;{,7 gve He correct bebhuvior of +he 6;4*/1(‘,«/ branches ot /0“'7 .
: wave /em/%s, accommoda te surface cabvgy oF de Yormatcn (@ua polav-

[gatcon ) aud | with the ticlusion ¢F +he mqyae/'c‘c Freld , qeld « dis - -
7' Weruo.,q releton exh:‘é:f.m.'f e /oua, wave ‘po/f‘zo.u of the cqz//ed Ocou:ﬁ‘(/

OV;{—u'ul wug elec,howajueﬂé branches .

. (3) The ezuah‘“’ oF the Cosserat contiiguum are the /0'<17

_. wave /(v;'l;f of e differeace eauuf'w.'u-b otmotion of monomaleculur

4
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crystuls aud contribute +he foug wave behavior of the soft optical tode.
The recent extension of +he Cosseraf +‘Eor7 fv include a micro -structure
Hat s de Formable, as well as rofatagle, mag prove to describe *he hgh-
er wodes .

(&) The additeon of the Fust jmc‘lﬂln"{' of the clechonic polariza-
Fou o tHe enevny dansiﬁ (" o/a;ﬂ'ca/pieeoekcfn.c/'ﬁ/ ;«pp/rés Hee
y\“«,‘u}u? terms VCBU(;'éc( Fo mafech he long wave f1wet o F the ditfer-

ence eau.a(‘to.us of +he (aTfice of polariable afoms ard serves ¥y

atcommedate scvern/ ohserved pﬁenome«« otHerwise not vitcluded : sur-
Face energy of de formation aud polerizafion , anomalows capacitance &
Hhn delec e films, acoustical activity aud, wot tHe wicluston of
the maﬁne/v'-t'c Field, optical activity .

Ia te *Fo//awulu{ peges, ﬁf‘ia/eKaM/d/“ of these develop -
men¥s gud resulfs ave described within Ve Eramcwork oF lnewr com-
+inuum theories ([inear differenrwal ezu.a‘t‘téns) and laTfce fheories
4;1 m l'\armom.c a{//o'/b)(lma—f'wn (/u‘}ear dlf{erwce evu-a:ﬁuus}, 7’[(
;ﬁoiﬂfof view 1y Trom te side of coudrivwum tHeories axd f'&/e«/ are
t -afes a more 7en¢’m/ terws thaa are the latfice theories. For thc

/I{f'f(a‘ refereuce may b made v Tﬁeory of qufl;pp)mamr.c: v the [arwonic

APme,.n . feon® é)’ /Ylafadudu;v, Mom“ru//’ k/e,';s and L, ,mqu ( Hog dewre l’m:r/
1471).
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2. Simple-Cubtc Lattice of Mass Points and Classical E.(ash;n‘\/

The fact +hat the c‘buu‘h.ﬂs of classzia(e(asﬂ}.«h{ ure the loug
wave, low '(lé’-gu.enco’ limit o€ Yhe differcnce eiuuf’ta.ns of «(aftile of mass :
particles, indicates #hat classccal clastice¥y 15 laefed  Fo wave Icugrbs aad
bo&ﬂ.,l dimensions /arge m Comparison witth the distance Yeturen ..carest
weujl«bu atoms (the “lattice parameter “), For the wctual magactades ot
the érrors (1 45 necessary o compure detailed solufrons oF wnalogous
problems (n the Ywe fypes of theory. For this parpose 1] 1s conven

1eaf fo C’IMP(@7/ for the (atiice e?uqnousj thosc ftrmutlarcd ¢y Cu s

R SR ek ke S AT RN BRI e e R R R e d B

Heewan ana Wellis [4] for « Stmple cubic (attice with pcarcst auo nepl
nearest "’letshbof centrul force interactions and Thewr novel unau&f

Interactons yfwegn three, Successive  nen - collinear foms | 5CMPI€—Cub(C.

1s He simplest of alf lattice structuves and +he Sais-Hersua - wiins €, - :
uah\;wj are the S(M'olésf, val:d/ cubic -(al twce cguaho'n; thal do a0l 7
qvuwe w relatienm among tHee three clashie constunts ¢ f culoee 5 rmc Try
/i'lffmujfw ne natural (,r(.’)rals with 5(4:14,0(6 -cubie structure gyre kuswa g
€usf/ the ciu.af‘(c-M.s are suifuvle for a >+q_d‘1 of +he mejor o ffects
ot wave /f,mJﬂ« avd Slze.

1 D F rouce F‘-’Gu.q‘h'on_s,

Ta rectangulor coordinates x;,u:1,2,, the ufous ot rhe

St;wp(&cuha'c laltice qr¢ Taken Fo be at the P:t.ﬁfj A /q‘ Xgema, A, -

Na , where L, w,n are positive ¢cr nuguh}e rhrcﬁer.s and « (s rhg
laTtice ,f/uramef‘ew’. The centrnf ferce constawfs (i€, force pevr it
relatiso chis placemen t ) betiween neavest neighbor utoms and boruccnm nex -
veare st ne(jhéor wfoms are d@siaﬂuf:_d 177 & and (4, r(.s'm.uhwcl.?I whi e v
' 15 the am:]ular forcc coastant between ‘H«reel Sutccess Ve A3 Luiliatu
atoms. The riles of the +hrce force coustants arc depicted schematicall

7
b1 dushed lines 1n Fig. L.
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. Aen - . .
With u ™ i=1,2,3, the Ncﬁwgu(ar components of displacement

of +ke atow ot £ mn, G—q;,-ts‘ Horman and Wallis [41 Ffind theee f?u’l_hails
ot wmotion ¢ the tpe . '

M C‘.‘f,mln =« ( 041, m, n ‘_uf-l_,m‘n-z ul!,m,n)

( u.hl,mr\,n . u'i-hm-l,n . u.hl,md,n . ul-l,m-l,n

EN W £-1,m n-y Lot,m,n-\ £-1,m,ne 2
ru ™, 'u‘ ', +u. ™M, 4_“' mne _su'l"‘:")
£.5, mein 1=, mel,n Rel, mel,n -4, mel,
((b#—ysi\- YU, mug T U T
» - 1 - L,
‘MIQIM O\Ql‘u: Lm,n ‘_q:’ mn-l _ull,m'w )

A -t 2 -
"47(“.'"“‘“*%""‘ ,n*u' ,m, nel ’_M‘E,m,n _*u.i,m,a‘],

‘ .9

whee M (s +he mass of the atom. fhe remaming two (694.“(".0‘45 ot motion urg
Ol 1., by “yctcal perwmatation c€ .suhsc_riyf's and sqp;arsr.r,,f.s, Born a».m( ven ‘
Berace, tn e s icrsical paper [5'1, would hay( fFound ‘f'.‘\ﬁ same L?whau

if tio had tarz cuewr &, 8,p, 6,6 to be the prescut <ty a.', 0, ﬂ*h rc.»,ﬂccﬂ;d-,.

At free boundaries £ - +L, the conaitous *o br surisfied are

%t 4l n tl,m, w)

id\(u‘ -y,

- P R 2 . tL : )
. p(u't(Lﬂ)lr hn, Y, (Let), m-t,n . ult(Lﬂ),m, nel u, (Lel),m, n-1 ,M,n) .

- tu,

Ley), met, £(L -1 t{Lel) l 2{Lel) m, n-t
fa(u“ et ‘uz('n'" - HA;“" e ‘us(”’ > ")

&, mel, Lm0 + ui-k,m,ml . utL,m,n-l

*2r(u "\.4 ‘ -4-(,('“"”"") : i

2(Lst), mel,n :(Lfl)’m-l,n _ u:L,m,l,n u:L mel, n)

rrlu;

&.((u3=us¢|)l"'l"?| - u’“‘"),”':""‘ - u:":“; ne| tC, Wo”")
3

+ U, . | (2.2)

1. Reduchion tu Eiuah'ou of Classical Elasticity. '

To show how (2.1) reduces fFo +he corrc.sfo»«olm«? L'.Zutu,"tuv‘l.lﬂ
classical e(a,ﬁ},n(.’, It 15 convewrzut o putt ha differcat fors t‘l’, Define

clifference cperators as folliws .

§r

2 w - ="
A ulma:(ufﬂ,n«,-\__ ™, )/a A,u:""“s(u""" u:“”‘)/_a, .
A‘" ‘4{' —'A IA 4,un (uhl m,u_a Qn-, R uil-l,mm)/az’ (2.3) X
£1
2 . !
a,a,u™" - #(Atl&: VR W W ¥ Pl

A%

2444
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and analogous def«mhou e.q. A;ul'“'"-(u el f'w'")/a) for forwurd,

bo.d(wurd, 5:cond cen f—vu{ anol cross differeuces m The remuin fnf’ coovdinete

divections Thea, noh'ma thet

Ll atel,n £-l,m-1 n £l wi-r n L-l,mei, &m0
. L ; x . =n?lAtat a2 &,
u; sy flmebng g, ~4u " = aMQ A e 2 gt a2pE \u b,
1 »
belmet Lol m- £+l,m -1, . . 4')
ln"‘ui L, 4ﬂ_u_ [, "-U'i 1, mel,n - 40‘4.A2ML£"~"

¢ L 3

we (an wfl.f'e; (2.1) 0 the forwm

.“"l :‘
Y, e 'lcuA +k“(Az¢A3)* ac,‘ 1(Az+113 ]ui"" r\C;’C“) (4 ‘""-04 4,0, ""‘)’ @)

w‘lert
s .
P=M/a”, cccdrdp, @ooip, ace = <(p+2,). (s

!
. £ A .
Mow, erpund the diffcrcnce cperators oo i ¢ w14 Taplor series e f purtial

}

derivatives D

iy =0/2x,, of continuous disglacement funchaus u, (i1l

= (l + ;';_azbz oo ) Dfu; ;
A h, q:" =l ga™df v fatdl o) 2,2y, (2.7)
' AcA;”km'" -‘(l+—,‘;_azD" -‘—a ;+---)Dzbluk.

L€ cnly seccond derivatives arc vetutued, (2.3) requeies o

u, = fc,,bz' (3¢ Sy, + (caecd)(d,0,u,+ 3,03us), (2.8)

t

which (s +he eg‘uaﬁon ot wotion of clussical e(asf"'c;fy For waterials wift +he
consy fauts Cuy <y Cog of cubic Sy mumctoy

iii. Dispersion Relutions.,

' Tke. deslquuaflg,._ “lonj wave, fow frczueu.! /um:'r “/ for (2.8), sttms from

“ Compartion ot d:}per,{,n rciatton, ((,czuenc7 V3. wave Aumber) For plane

waves from (2.5) wnd (2.8), Consider for efawmple /ong«'?‘udziml Wuses tn the

X -direction . “For (f..‘)-), we sat |

' A Lm,n £, m, i(gfa-wt
u,’ = Uy .—O/ u, ":fhette ), 0¢gan . (2.9)

R R DT a A

N TP R ¢ G P O SOp ot
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o
o Then (2.5) /s satisfied [f
g
i 21lc
v wsz S ginda | (2.10)

.-‘.1 aqa P 2-

,g
‘ For (2.8), we set

i Up=uy=0, u = Aetlnwt) (2.u1)
and find
Z w= S (2.12)

A . .

’:E P
- The two dispersion rela'/-u;ns/ (2.10) and (2.12), are illastruted in Fig. 2. 1t
:’ le'( be seen Het the laftiie d‘:‘fﬂ.ﬂ.on relation (2./0) 0,4,0/0&;."5 the centinuum
S

réelation (£.12) as the wave /éugf’{\ appron.c(cs /m’m':/'«] L € Fas rhe wave Mumses ¢
,?:

?- upproaches rero. Simulfaucously the F’C?“Gn(yl (n e pmepalemic Brasac jaltee

!v
also approaches zcro,

f‘. For wore defuiled examinations o€ tHe diffcrences bctween solations ©f
.

’ . . . .

[4THie ang conFraudm eguut ons, of s nec € ssary Fo constder problems for
o v
D . .

X bodtes with at least onc Eracte drmension with wheckh +o cBmpart Fle lelteec
e
28
f para we rer a.

iv. Thickuess-Shear Vibratwus of a Plate (8],

X
“ In ap(m‘e bounded b\/ £==0, cousider the a(.s,ylau..«mrs
:

R Gl 4m,n _( fa +A, sintla)et™t 0% zir (2.43)
E U " eu, =0,y = A, cos8ka + 13ingla)e’™”, Z ta kT, a3
%

. Wit these displacements, tie first two eguaf'cbns of the Fype (23) are satisfied
e
43 Idem‘—:ca//«, and +he thrdis satisfied if
.

k.:r

k< pa‘a? = fc ., sin‘ila. (2.4
Upon Jubjﬁfwfl,.q7 the displacements (2.13) n the boundan, conditions (¢.2), we fud

) tHaat the first two condifrous arc sati,fied 4'deu~h'w/17 aurg the thrd (s sals

. 'ﬁ fied F
i"' . J;;.

. ta=pr/(2el),  p=0,1,2,.. (2t¢, @.is) i

A :

‘ o e :J

“
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where even and odd p apply to s7m~a1‘rl}_ and auf-:':c{mmcfw}_ wiodes, resyectwely.

From (Z.H—) ond (Z.lo’)) rhe Freaauencusu arc

12
W= —Z--(.‘_“) 5 p=0,,2,,,. <2+l {2.16)
al\g H R
and He dis pfacemtu‘t's , from (2./3) and (2.15), arc
£,mu erd S 4 4 {wt
Uy = [A, cos + A, stn e . (2.I7)
2L+l 2L+

To compare +he lattice sclufron with ¥uhe continuum che, WE Consides .a

Ccontimuum plate of +hicknegs 2h, where

2h=(2L+Na, (218)

i.e. €ach las(er of atems 15 replaced by a thucleness a of Fhe contimuum

The *Frezuenuc.s of the thickncss-shear mudes of such a plate arc yirea by

i
3 w';-‘—:(.‘%‘) , el (219
and the displacements arc
Uy = (A, cos LTR_ A, sin LAt )ei‘ot . (2.20
2h 2h

In +he lonﬁ wave, [ow (-rczuc.u.«.l ayprovimation,

R Ao

la—x,, p<«<2L+t, (2.21)
m whieh case (2.16) and (2.17) awp/aacfn (2.19) awna (2.20}, resyr.cfin:y.
i 1f +Hee Frezueuc% ef the lowest antisqmuetre , thickucss -shear mode
3 i the contiauum plate, (e P:l " (2.19), is used as « referevce \cl’f7u€uc.7 <,
4
; 17!
: w, = I.(f::) 2 T ( cee)'f (2.22)
: 2h\ o @2L+i)a (’)
2
, the norwaliazed Freﬁucna'e.s for tie lathicc are

BT LA s Fag ey
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z(zu\)s- pr

th =0,1,2,...42L+| 2%
1r a(ZL"l) ? P , 121 i ( 3)

w}
N=—-=
w,

and these ave o be compared with the normalised Fre%qgnrl.cs , P20 1,2,
for the contiauum .

The dl"screpaucv between the frcﬁuenc:e.s p and (1 aud the
wrveﬁ‘ﬂondt.mr departure of tue (aftice mode sﬁape frow *he sinuso du( Foru
&Larucftr(;f’t; of the confiruum , as the order of the mude tacreases , are
ushuted n Ft'ﬁ. 3 for the case of fifteen la-,ers- I+ way be scen f(ar/ for
the first few modes, where He lattice mode "I‘GV" are nearly sin usordal, the
norma( 1 zed ‘Fr&zu&ncu!a paudﬂ. are wnearly the same. Inspcction ~f e wse
P:‘B shows that +he half wave Iewi{"\ Can be as swall as Five [(qttee Pura
meters with co good representution of the mode shupe by « sinusoid aud
an error a f/c?uenu, of less thua 2% . However, as the mode shape
departs from the sinusordal fFor n creas(n:, orders, the Frezucnué; P and
k¥ se'oa_ra.fe _— b~1 almost $0% for the hc‘ﬁkesf‘ htode, ‘v thewse of
fifteen layers. As the nuwber of {a.c.{ers increases | the perceat discosp-
ancy between the (—ﬂzuenmés of the highest [attice moude and the
COfff.'aWD'fal.VlCI con¥inuum wode approocl‘cs Somr-100=57%.

It should e notcd that, whercas the numper = € moges 1n tae
ConFrauum pla'f( 1s unlimited, the number of modes 1 the lattice
plate (s eﬁua/ to Fhe number of la«'f‘:rs. Thes (s because a wave described
by N Vo]n*s con have no wmore than N-1| nodes.

V. Face- Shear andd Thiclness- Twist waves tn a plate [e].

Waves in w plate, with Jisplacement and wave nermul at vight
angles to cach other and parallel to He fuces of the plare, are ciled
thickness- twist waves except for the wave of zere order (in wuilh the
dl'S',ﬂ(acemm)’ does vot vary theo u"'l the thickuess of the plate; which 15
talled w fac-shear wave . Ln the contimuum, thesc wrves arc special

cases of Love’s [9] tramsverse waves 1m a superficeal laycr
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In the lattice plate, the waves are represeated loy displacemeats of
the Form

{0 {m,n =0

2w, 3 u;""'" = (A, cos yba o-Azsing.(a)e':(""‘"w” (2.24)

U, )

where 0%k ¢k TY/ 0(‘7(4( . Thes fae | the eguaho.us of motion of the fype

(Z.a) re%u(r'c
(m"w2 = 4-c“( sin‘éga + sm'f,_d,a) (2.2%)

and the boundar Conditions (2.2) aqaw vegure (2.15). Thus +ie nermaliscd
1 gau 7 ,

frcnuem 1es ur€

w 2 (d+D 2 pir - 2 \
= m— = H) 51 & .0 l Z“.<2 . . z'z
0 w, T ( tn Z(Z_L«H) + & ;.")a) ) F Y L |/ (2.26,

and the displucements are

ul™" = (A, cos P a5 zﬁ)e‘h"‘“‘) , (2.21)
alel 2L+

In the /Ov\j wave, low Freiufnr.v] [1omait (,(a — K, Ma— A, ’—a«ZLH)

Hese become the knounr resalts fFor the specal case of Love waves [9]:

a=[p + (291", p= g1z, (228)
Uy = (4, cos(pn’x,/ih) * A, sin (pﬂ'K,/Zh)i(cw?" -wt) @.29)

The real branches of the dt's’eru'om velation (2.26) are illustruted ju F‘;,].af-
for o .p(a."‘t. f1 fteen layers thick {(L=7). At infinite wave Icuafh (7 -0) a/Mg
the platc, He mode reduce to +he +hikuess -shear modes (llastmted 10 Fig.3.
Tlese variutions of displacement across the theckness of the plate are muan-
tumed for all wauelenyf":, 2/, along the plefe. The major diffcreaces
befween He di’s persion relations for the laltice and tHe continuum urc:

Cach of the finte number, 2L+1 o f branches of the laltice despersion

velution (2.26) hes a ‘u'a‘\ {'rczwcnuz cut of £ 4 udd (Ttan +o o low
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frecv.cnc‘.l cut-off (2.23), aud all have +he sawe upper caf of€ of wave
Auwmber '7=17'/o., (.6 war? /€u7f4 C?ua( fo 2a; wherras all fﬁcmftm'f.,- of
veal branches of the confinuum dispersion relation (2.28) are hy‘,,,,é,,f,;
Curves (;I&f'endlo-‘lq from low Frczucncr cut-offs N=42,.. o, af‘m(-0, +o
imfiate Fre?ueuu.es and wavc nu'mbérs— a:Ympf-o{":}_ +6 .

Q- @ur)qa/, 238

which s He shraight lne :farfw'tg from the lower leff corner wnd V:usrmé

Trough the wpper riqht corner of Fig.4 dad is i fact, tic fuce shear
branch of tle ontmuum dispersion relafeon | Tha's, tte disperscon re/m“caqn
for th¢ contiayum (s agood approximation To that of the la:thc'e chly (1
+he fowee lc fF region ¢t Fig. 4 ; (¢ for long wave lengtls, wmn conpmrisgn
with a, both along the plate wud across (15 thitkaess . Two er theee Fumes

a s saffiwieanl for acc_ura(7 within 2%,
) . - :
As w the case of the Coatinuum, the lathecaispcrscon relateon

hus branches ¥or real *'tquewr7 andg Ima.?ln ary wave num'ua whelh arc nef
v !

shown 1n Ffﬁ . 4.

The ,,rcb(em of face-shear ond thickuess- blt-far. waves 1o a plafe .
'i; has also bcen soleed for the foce-centfered whi lattice (Drady [lo])'a..ui £or
e body centered culeic lattce (C‘ron’ [ul). |
: vi. Torsional Egufh'bn&m of o Re ctonguler Bar, o :
“x The bar is bounded by free fuces of L2 4L gud m: 2 M and s ia eguillb-
“5 . rium wunder o twist about the ases of ¥y with angle of twist T perumt length. |
E By analo«” with vhe St. Vemant solction of He Cyum‘m'n; of clmssical )
AA ' cldsf:'ca'f-.l for He atm/o‘jous problem L[] itis assumed +at x
. . %
a,"’"‘“ =-Ta*mn , | ’3
u:"'"" = TaAn , (250 ' Z%
x u:ﬁ,n = Tat(fm + A sin ke sinh m?),, o< 6 <, : i f
Py = | A
] :
A T B T o
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Wlﬂﬁ T‘ese d:s/(a(emeufs 'f'/tr ﬁrsf two egua‘f?ons of rée +)’P<‘-’ (2.7), with +‘p

left hand side zero, arf satisfed ldfnﬁall)/ and *he H‘lrd eguqﬁoq s _sqf-:.s fied

. tf‘ ; l .
coshy = 2-cosh. : : (2.32)
. . :
| The conditions of +he +ype (2 2), for free aoundane.s reds«_e m Vicw
of (2. 3() +u ‘ ' :
i ) , .
22yt u;'" B R L R S (2.33)
+ z(u‘ *(H«I) g} u‘l)’M ") "uf Mﬂfl :)m'”—l - 0 on me M . (234’}.
H . i : ! !
Upon substtuting (2.31) n (2.33), we find :
1 | ' ) . :
! 6:6= @e-n/@Ler), ps (2.1, ! (2.35)

: , i
i ' - ) .
H’C“te, the third of (2.31) may he written as a finite serics -
S . : .
| . . fm,n ~2 ""_ o . ’ .
: ! us™" = Ta*(fm + 'Z“:A, sin 26, smhm%) . (2-%):

Y

Substitution of (2.36) 1 +he buundar\/ cond{‘hbru (2.2%) cfa'eld.s

=L !

. |
Z Ay sin 46, sinh dq, cosh(Me 2lg, = -2, A=, 2,...,4_, - @

.6 a seft of L. _s«mu!f-aueou.s Imcnr a/ﬁebm{c e_aua{mu on r(e coeff‘,ue r; A

% 1

: The s,/sfem of cﬁuai‘wns can be Solved explm!'(\/ for the A-p by « method anal—'
, oﬁous Fo.that for de‘/‘ermmq,q& Fourier coefficients Mul‘hp/ beth sides of

(Z $1) by 5m,(9 cmd Suim oser L from Y=| f‘o (=L, Now 113.1

'
)

) 1)
i . t ' Lt i

. : J TS sinlp Lcos(L+4)0,
2 = [ IR, L. @2

: El smlﬁl’ 4sint i.g’ 2sing 9 2.28)
© | Alse, e;mp(oyl.nj‘ (2:35), we find ’
g . ! P
' 4L (0, 9% p
E v E, 5in 8, s 44y = @.39)
; =! r L Q- '
! : :_(ZLH\’ g=p. ,
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A= 2L sin §6, cos (L#é)ﬂ,- sl (240
(ZLﬂ ) Sinh’iq" cosh(me 'i)‘f’,

Substitution of (240) i1 (2.36) Complefes the soluhion for the warpin, function
{

£,m,n N . . .
U, v The resulls aye shown 1 tig. & wbich e rativs of :'nfe.,e,.; 7

the lattice pomnts guve u:'""'/'ta' &t thoe /‘°“'f“' F(&- 5 us to be Compared

1 Wit F““J‘ o whick depicts fypicel contours of He warping fuuctions for sguare
;’ ‘ and Ionﬂ rcz,fnnju(ur sections from the St. Vewaut solutegn . I+M7 be seen "4473
th - le ¢ : :
wit one side of the Cruss section rcstneted +o three atfoums (L =), the warp ~

thﬁ bears little pesemblance +v +hat €ound by St.Venant : namely there i3
4 rl

no warping ot ¥he s%uare secteon (=1, M={) aud , n eack succeeding

sectlon (La1, M=23 4) +he displucemenis at-abrg side (4= 21, m=

0 ti, +2, wi) do not have a marimum and q mimmum bctwcen the center

>
B

2
9
i

uud the cnd.s/ as ‘f’l\ey have ' the continuum solution - However T +ie

Smafler dimcasion (s trcreased o fiie atowms ([ 2, M=23,.) the d,_,_,,,‘.,,'/q,,'f7

ey S EATES

-

disappears  For the 55“" (L=2, M=2], it may be seen +har t+he cross scction

s divided into C('ﬁh?' sectors, with a/femaﬁng stgns of dispacements

E;
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= nstead o f the wusual four sectors for Ionﬂ rec/anyu(ar sectwns , Thi s

preas'e/q +he result Found by St. VenanT for +he contiruum  as illushuted

: w f‘-t.s,“»- For o recﬁh"]ular sechons L=2, M=3 qud L=2,M-¢, +he

M d e tes 74 Fuonsialb i gEwe

displuccments along « /an7 sid¢ recach a wmag i mum wung “miarmum | ncar
the ends, while along a short side, the disyplacements vary mmafvmr}((/r
A-ﬁmln, f’(?se resulfs are +he Samc as tHe cor"espondm‘? ones 1n St.Vemant’s
solution, as (llushuted in Fig . 6. Thus, +he cross sccton need have ol ;
. as many as five atoms along *he shorter side for the displecements

1o have the mejor suali-la-f«'/e proyecties found in Hhe conttnuum safution,
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3. Strain Gradient Theories

Extensions of c./aulca/e/d.s'/'t‘l-fr7 Tv account for c.r75l‘al STrde Furd
b(,jan v 185 | wath Caucﬁy‘é Cvl (mfinite series represen fation of an u".saf'rlfll '
material with « ,pen'odti structure. /&/Hnu,h Cauchy did no? carry his 1dca
very far, it is now known that his *ﬂcon{ torresponds +u au 1afirate sevies
cg'oansc;n of difference ayvmf-prs/ 1 a latfre theor 7, Ferms oF oiffcreaticl
operators; or, 9‘5“‘1’6‘/‘“”‘1, auﬁmen)‘mhoq of cfassical elas flu"‘7 f“{lrou?h the
wrcluscon o € all Yhe 7fadt‘en.f'.s o F sttt 1n the /o#euh};/e«e-/77 den;,i‘7, Littie
altention was paid to the work for many ycass— posstbly duc to the comples:ry
rinduced by Cuuchy s consideration of non-centrosymmebuc 30trepy j possibly
due tv unerror of emission 10 the constitutive ezuuh}m tor +he sqmmetric pr/
of e shress ; V,,;[{,{" duc {o todhuuter's qsscssment ! " Thes consists e rely of

7euéra.lclher's, and s «ppareatiy of no I'm,;orf'anc( * (12, Vel. L p 374) .

i. Rotation Gradient,

LateresT tn the 7rad¢enr tyre of -H.ear., was sfumulated, 196 o, oy

Aero and Huvshimsiil [|¢], Griole [151, Raiaaornl [16] aud Truesdell and Touypn 7l

who took into account the fiirst ;—,mme};r of the rotution :

where J«:Jk (s the unit al/cmah"u, teasor :

+, jk-a23, 231,312,

SLJ'k= "" ijk:}zl/ 213, 132, (3.2)
0, otherwise. )
A connection with crys fal lettice r‘con, was noted by Krumhans| [(8], I '

1963, who $[uw&f, by exfwnﬂ.on of the differcues tn te ex/orc”}on for the
Vofcnf‘la( ener?‘, of « 7ene:ra/ Uravacs /afhze, that tle seconcl crder Ferns,
In the ns«(f-w, series of oerivatives, confuin the rotution 9"“’"‘3"’

The nove/ feat ures accompany ny the rofation gradiea? are the

- R
. ik b < b ri b b a2’ S




uppeerances o qn anﬁ:ymm.:fd purtot the sfress (indefermuiate | , & couple stress and &
malerial constant wirh the dimension o /Cngﬂ\ J bul, excepr for « teuwous comection
with wolecular cr«,;fi(.i (see Article 5), no relation +o cr-,:/n/ lelfice %cor7 ppears
o have been established be7oud Krumbhansl’s bref remark

it First Strawn S'mdw;tf.

The rofation 3ra.&fenf has ecﬁh'f independent components wheh qre gigtﬁ
of +he cfghfecm components of the first grad[en{ of e straiy . The addiFional

ten components are
g(bgad- U+ DD up + Dd; uj). (3.3)
ﬂHernaﬂ'vtl«’ , M terws of the strain ,
5, = 5( R+, (3.4)

all e[qlﬂ‘een comp on£nts may be expresed as B;.S"-k 3 lout perhays tee simplest

form s the second Qrad;'en'l‘ ot the displuemen'f :
Sijk = 2:Djuy - (35)

The fundaweatal eauaﬁ'ons for the elastrc wateral m which acount s
fuken of the full first gradient of the strin were 3iven by Toupin [19] 1 1962.

In the [mear case, the pof‘enh'alenenj7 dens(f-—, may be expressed 1 the form

W= CiiiSight ¥ ke SijSke T ¥ Cijkmn SijkSama T ikl Se; Sictm 1 (3.6)

where +he €. are materia( constauts. The most inﬁms#c;«g feature of (3.6)1s
the linear ferm ¢ Sijy wheeh corresponds to o :e{{-eﬁuih'bra{-;hi mita |
stress and 3Evc.s rise to a surface energy of deformation » an observed
physccal phenomenon not contamed in classicel elasticity .

The surface energy of deformation 13 a part of the energy assocated
with the separation along « surface. Partot te sparation cnergy 15 e bond

eneryy — that rramre( to break the atomie bonds across the surfacc while the
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relative pnihéus of the atoms 1n cach of the +wo resultiay Farhé».s are held

fired -~ Say, by Eictitious forces, The velease of these forces 15 accompanicd Oy «

Jc\‘armaf«a'nl localizcd near f'(e _;arﬂ:ces, ARG an associufed (nciah/g/c"‘,77 P the

LR R -

surtace encryq of detormation — estimates of the m«7mhdf of whkey ravge us

h(j'[f as 4c% of Fhe bond euerJ«, [20). The extreme localizeafron of deforuahica

S Ay N A

al the serfece was fursl observed in (96/ by Germer, Macllue aud tarf man [21] b/v

TEETR

means oF low eneryyq electvon diffraction measuremeals al niclkd’ surfuces. 1457

found thaf the dlg,a((uemtnf ef the m/er/n'lk/{argr of alems loward the wiferor

LR RN

waes Five Fomes gs large as Hat of Hhe uesf h,c/. TOqu and Guzis [22]

Aokt

1963,

gy

Found muthematical solutions for a stmilor surface deformelton withia rHe

frame work of Tou,.',, ‘s Sfrain ?radtco;/ Czu.ah;lu ang ulse uk;h'ﬂd rke correspondeuce

T SV F

with « owe—dzh«cnszam«/’ monaFomiy latfice with nearestand nex? neamrest nitgabor

interacteons .

5 e R ialng

The ¢erst Strain 7/acflem‘ Hcoryl howevey, suffers frew Fwo dcficicacses

o

Ferst of all, 't covt fatns a surfacs encrgy of defernuationa on/y for non-cEatros g mmel
ric materals, This is evidenced by the thivd rank tensor cocfficien! of the lincar
terw 1 (3.6); whereas the elasheity of cenhon,wmc/-m. muterials can ve char-
acterized only 47 Yeasors cf cvenm rank . Second/'(, rhc disperscoa rclation for
plane waves can match +Hhat for o (attee %7ond tHe lncar range onlq of rthe

r(iw.r'cmenr‘ oT « 'ooxlflvf Stvamn encrgy dwm‘7 (S Glundoned - as Shown 17 lhe

4 Gollowing sccfion . Both of thege defccts dis agpear tf fﬁe Scconel graaenf of
: Shrawa is mcfudcd.

1. Second Stram GradienT [23].

: 1§ the strawm and ifs first two 7rad¢'eu+s arc tokcn ity weccual, the

Pofenhu( ¢ulryy dEnn;“-( tor a cenfms-!mwef'u'r_ malenal hus the farm

4 e Coglek S.'.J‘Sk[ v} #iikbmn Sqlc Skmn T4 {’Jc,k(mn,oq‘sc‘u mn(g*qu(mws Siedmn
E * 05 ke Sijid s (3.7)

where, in edditon to (34) and (3.5),

v

L
5

oo o e ez h.uma;\imum
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Sijre = ;99 Uy (38)

This euerqy aud the wsual biaeti energy deuu')‘l’ Lpd, dt. lead v +he steess cauaho;l.s

of motion

% Tie = O3 i+ 0 2%k Tijus = Plde, (9)
where +he stresses Ti,,' , Tijk and Téjkl are gquven by

Ty ® ow/ 05; = CijkaSks + ffijictmnSktmn >
Tijkz DW/OS"J'#= d‘i‘jkﬂmn‘slum 3 (3.10)

lijkf: DW/() S;:;'i( s [{jkfwmn Snm t pc’,}klwnﬁ% Smnp% + {gaké ’

and o ‘Huce, vector b()t.mda')/ Hhuckhons &

(4] - - IS —
e (T 3T e 20 Tggd + Ll (T = 700001+ Lol (i Ty

~ LI o min, iy 1,

(3.u)
(1)_ - _ ]
'tl N miv‘j(TCj.Q —bl“‘;d.kf) L V\CLJ(ﬂchik‘\ + Lk("fhi Ifjki)’
(LI -
t: e, ll‘»‘jkf)
whert
L‘: ﬂ;‘&“: 'W"n,‘) b“m“- - (6‘4 'nCVlJ)b“ (3.(2)

IF will be ohserved +lhat the sthain 9u¢r77 denu*“ (3.1) has no ferm
linear s SCJ' v This s because, just as v classical e/a.;ﬁ'c{'%.], the malcriaf
cmf«éumhon, o whech T6 0 lt“(ﬁrﬂ:‘c{/ Can b¢ clhousca so thatl such a Ferm
does not cppcar, Also 1éeve is no fcrm 1 (3.7) linear in Sc.,'k ws 15 matra
coetticienl would be a fensor of odd rank which canncl cesi (cr centrosym
metrie maflrials. This leaves $he (’"(‘1 (tnear term +o iz +he cuc i Séjl:(’
which can be shown to preduce a sur face enerfy ot deformation as follews .

From an uns brawed body under no external fovces, ren.ovc a pritn,

ot volume V, bounded by a rurfuke S. Tie enaryy m swchea ,oorfz;n/a;v

abm'lcbrw.w under vo exteraa/ forces, s

W=, wav, (3]




o 8 P P T, SRS NS S Y

,MW?W*#WKMW
5,
.

or, from (3.7) ang (5.19),
. & ° .
Wl /V (T;J' S t 7:'¢~k S;Jk *thu S‘;I.“)d[/ ts {v_ 33k 5‘.‘.“ av. {514

The scecoma (atiqrel n (3.1¢) enters beeuuse, as may be sem o (3.00), 11 corresponds
Fo aa cLemstunl tirm #?Jk‘ IP) 7‘-“«“‘ whertas the Nmuc.n"\-‘r ,mrf: ot rl-:,/[f,'k s ud /{r;'ln(
Varyq ta prepaction o Une struen ang s grao’;e'nl;. . The frst tn tegral i (504 )

wn b o fermed to
s, L€ ug wt (ndg)u; t(n;0) w;14d5, oy
which vanishes sunce Hee Surfuce S 15 free of fraction . Thes feaves
W kL, Bedigecd? = 5y nBine %04 dS (s:tvs

s an Cnergy Hat vemams (o V a/ff\uu.7h t+he bodyq 1> undér no cyternal forees.

The €uergy pec wiif arca of the sarfuce 135, From (3.1},
W= £ p, 82,00, %y ] (
T2 N G“J'M , Ykde g Sit)

To show tlat ths ene rq s localiced near The surfuce , this sufficear
o coasider the wesc of the half-spuce x, >0 werh X,-0 free o t tructica
Asyuwm ¢

Uz ua), up=uy-0, (s18)
Thea The sfss €guabrous of Lzu:h’virum, from (5.9), rcduce v
0, i % =0, (315)
while +he Youndury condi tions, from (3.0 beawme

T,-91

1" e =0, Tu =2t ™ O, L0 on X - 0. (3-20)

[

Miso, with the assumed form of Aisplutements (3.18), fhe consfitutive

e«buahoqs (3.10) tuke the €orwm

P R S T P S T A ol u, (s.21)
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and the surface energy per unit area (3.41) becomes, atter noting Hat N . ~[ and
] Bijks = Pos .
f P s_ _ 1 o 1
,‘)’ W= ‘Zl.po D‘“‘]x,:o ¢ (3‘1.2)
3 ; Substitution of (3.2() m (5.19) Gves He dl3p(0£(m5uf Céu“f'IOH of ct'buf/lbrlu.m
B E
& ,
(- (ae2 )} o g2 1300, =0, 633
\: er '
(1-£292)(1- €} 21 0%y, = 0, (.24)
b ¢
f B wher ¢
\ -‘ I . :
4 2c 4} = a-2y = [(4-2¢)"- “pc)™ oz (3.15)
\?egardl'm1 boundary condi tions, (1 may b¢ scen that e first of (5.40)
. 15 qutome f‘lud/.’ sutsficd f the stress ez'u.af'r'an of C%u;'/lbr‘u:tm [8.09) 13 >¢h';.'
LN ficd . lhe /r.’mm'm»}? tTwo boundar7 cenditions, from (5.20) und (s.21), arc
. ‘ . _ i
[(i'ria.zcl.-p dtu] heo” 0, (pau, +B} )0 = ~ 3 - (3-2¢)
The solutwn of (3.2 +), vanishung at in fl;n;f'7, (s
us At et (327
The values of A, aud A, wmaqy be determined from +hc baundaq conartons
(3.26) aud theu +le surface encryq of deforation (s, from (s.22),
W -5 po( A 47 #A 4. (3.2
y - The wssoctated s bacn Graminishes ex/ooncnha//7 into He mfevior with dfca7
ratc contmplled bc, +Hie majmfude of £ and (;.. The appcaraace o wmuyteriaf
' conskauts 1, with the dimeasion of Iémff"n‘ (s fyplca/ ot the 7rad/t.n7‘ f‘r,l(
Heortes and (fle/d: @ /w:q% scale characteristie of the sbmucture ot the
materal . Sach u seale (s absent in classcal e(asfzc‘/fﬁ. An ¢sfimarte o F thy
order of majm"fue/v of the length scale wmaq be obtaines from He
. electron di €fractcon measurements af mckel surfuccs "y Gcrmef/ Mic tae

- . sGaae. A i e T AN ettt . -
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(?nd Martwan [21). Ther '{«64.47 Hat the displacemeut ¢t e superticaal
layer of wtows (s fe wimes as large as #at of He next layer would [ead,
omi‘f‘u ussumption et a stmple €xponcnyre( dﬂ—a1 C-'x/(/ o au £ of about
five e,'uahflw ot t+he dt?.sﬁz.ncf bc{:"-uaaw wdjaccut leyers o7 etows . [has, e
deformution s .:SL-c{m'flC(“"lt only ot the first few lagers.

| Upon departure nbv vhe wterior, the displacement nced net muntain
the samc '51.3“. The conditions for p&b;f(uf _s‘hf'am encryy demi‘h—, do nsft

tnefude relutions between & ancl o or be futen A asayp. Mewe, trom (3.25) He

(L My be wm,ylexl carrrs;oovzdn{(, o un asu'((q/u;k, dcu., ¢t displacement taty

l -1"&( t;nfLr(or.
To obtain the ‘LOrfLsFond"‘«j solufron for « Iafhu/ Considsr «
sm';lle row ot parH'Lles distrhuted along the X-axis, al wact distruce

3 i upar‘f, wirh L fcractions as fur ws thod nefﬁhbar.s and including sclf -¢ul.
} l'bru+m{1 mitial Forces. Wow, separate the laffice between the particles et
; a: 0 and n- 1 aud consider the scmi-tnbinite latbice ns0. e separ -
. ation (5 ¢ ffectcd 01 the addition of forces Vo,l’,l P, on particles ot
t 6,',2/ /Psf’ed't."&('], 67 ual and oppisitc to the resulfaats c( e 1aitial
f{ Corces exerted cn Yhase parﬁ'u’éé by +he particles af -, -2, -3. .S'u}@
,) Mhe tial Corces are .se[(-czuih'l;mhha/

: P,+P +P,=0. (5.2¢)
;‘5‘ Wth force consFants L, s Ray %y for the tntérackions between
‘ First sccened and therd Vle('aﬁborsj respcchively, and with u, +he dis
placemcar of the ntt par ticle the czu('llbrlum of %q,f,oar‘ftcle 15

; eXPrcvj(d by .

: ‘:A;(M,,,L ~2u, ru,y) =0, N33 (4.30)
3 i

E E’*L(Uz’_" ~2up v Uy ) Fha (U= P, ne2,

; A lug -2u,+4,) + a(z(ufu,\ tdy(Ug-u, )= P, n=i, (3.31)
3 &, (U= u) +dyu-ug) 4 hy(uy- U,) 2P, N0,

./
. ..‘M-.m...nz.mm;mm“msﬁd
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We adopt +he norations Luy=U, . -4, ,
AUy = Upy -2, +U, 5 A, = Up ot ~FUng) ¢ 6Up Bl | vy . (3.32)
Then, with
By oy t4ka + 96z , By = ~olg - by , Ps=d,y, G33)

the general ezu.rd'zén of eeamlibnum (2.30) becomes

(8- 6,4 +6:,4%)8u, = 0, (3.34)
or

(1-A*a*)(1- K80 ) A, =0, (335)
where

28, AE =6 ¢ (p; "'4'(‘"153)‘/2) c=12. (3.3¢)

The solutron of (5.3.‘)'), A/a‘m'shzhcl a‘f'u'vfu‘ul‘tT, (s

-nb

U, =A™ cpen

(6 LR d S v 0 40 I RS L A S0

(3.37)

3

provld(.é t+hat

8. = arccosh (1+ 12X, i=12. (.38

As Lor the bou.nr(art-, Londitions, there are three for the +wo conshunts
Ajand Ay, Just s in the case of +he continuum solution Follewing Gazés anct

Wallis [24], we sum the three e%uaﬁous (3.31) to obtacm
(1= A2 23)(1- Ay 8% Auy = 0, (3.39)

which (s satisfied lc‘lem‘ua//'l 57 +He solutton (3.37) with (s5.38), T"us' as
the case of the continuum, +he genern( Condition of eﬁu}h'hnum dispuses
of one of the +hreo bwmdwr«, conditicas. The remm'm'm, fuo conditions

serve o determine /o, and Ay,

The S(im'lan'@ in €orm betwren Fhe differcata! e?uuf"(;ms , bountary

)
3
1

Conditions and solutions for the contiruum and the lattiie s +o be

. S RN A DA S e PN A I TR B B 0 R o o BB AR e e AR R

remurked cend the correspoudence of +he contiuum eqpressions to the

.o~

AR T Ny e
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loma wave wave behavior in +he case e the lattice may be vert icd by no*u%;,

that
Ay, = Diu, + -l!z- oy, + S'ZB dfu, + e
Atu, = dFu, - ¢ D u e (349
LU, DU, * e
and, v {3.38),
9. = 1/A . (540

It is also necessary o comparc the /onj wave bchavior of the dilper-
sion velations for the continuum and the lattice . The onc-dimension! Cqua
v

Frous ¢t motion, For the twocases, ure i for the contiauum , from (3.23),
(e - (9\-1’,)3: - PD.‘*.(D:"‘: = f,&" (s.92)
aund , for +he (aT'h'ce, From (3.34),
(p,- 6242 +a58%) 4%, = M4, . G43)

Lnserting the wave Forwms

iz Aet Rt gt inemet)

2 ] }

(3 44/
respectively we fiad, to the Fourth powcr of the wave numver,
\0(»01-" ng"("-zr}s¢+“‘ 5 (9+5)

Mw' =3 8- (% 3,*(31)9‘*"' . (¢4.46)
T€ onl y the strawn and 1fs Frrest T’ad:e«f were considercd , (2.45 ) weuld be
PIRREINA SRS

and & (s rezu.«fed v be posttive by +he Condition of,wst;‘u)c e foncteness
of the éncry df«ﬂ:z*q. Heace , 1 the first jrad:en/ ‘f“tédr7; tHe §reayp
velouty, dwlds, mast (nercase as the wave AUmbey Mertases trom

tero ), but, 1a the (al fice +he opposite ;s genern (yq true, as rilustrated

PR
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n F‘.ﬁ 7. Ta the second gradieat theary, o is rephced by &-2p as the coct-

ficreat of the second +erm n the dispersion relaution * and +he condifions of

v . . 4\ 3
DER I 3ROSR N BT o

TN P R e
5 i
g L
.

posttive definiteness place no res tictions on the relatron betuecen o ana |y, So !
) i

o K27,
RO,

Hat tue group velocgties rmay either (ncrease or decrease with hicm.uhj ware

nuewmber,
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4, Diatomc Cry;-f'al.f and Compound Continua

If the laftice structure of a crystal (s w simple one of the

Brava:s h“pc/ wilth one afom per (.e//, Fhore 1s np distinction between tHe
long wuve ltni+ ud the lonj wave  [ow Frzjueucu, linit o+ the Fracte dif-
ference €%u.u;f‘¢'on5 of wmotion or the dispersion relution . (foweves |f +he
futtice has « “basis” (e growp ¢t fwo or more afowms pe. cell, there
are htt[h +r€%—umb‘1 “opticar V' brumies as well as frw I‘fc?.4¢u(.7 acouwstic
branches at rhe (o wurve [i%iF | ws illustrated in Fis. B, Lo that case, clas-
Sical ec’as‘f‘:}./r\{ accounts for The /Duj wave ’,othu_s o f only the Gcouskhe
pranchcs. The a/y/ora,arta.Tc extension [6] of classteal elaph.u'fﬂ, 70 accowm -
modgte the {oag wavt behavior ot Jia_l. ,::Iya;‘v.«u cr7,fu/ 15 Suggestec b7
the fact rhat a lathce with a Yests can be vesolved tufo Fwo or more inrer—
penctratin, Sravacs (attices.

The sumplest (attice with @ Yascs 13 the Na - Bype whicl has part
teles al rhe /;ou'ab (la,me, nu/ of « stmple-cupie lathee ; bul Fhe prerficdes
al Limen Even harc muass f:I, sy, aund thosc el £tment odd have ma})/:i,
as reyrcs(m‘cd ‘A /:[j,S by corcles aad dofs, respuf—wzﬁ,. 1 fm;u( b¢ seen
thut the [alffice can b rcsolred 1afo two, liqfcr/aenefmhmr) face-cenrered,
cubic latties; cue with partecles o mass /‘51 and rie olther wird parfitles
of wmuss M. Jke mtEracFions ocFuwcer /Jarfu_./c.s may be teken v be Similar
fo thuse for the Gazis -Hermun- Wellis lattice described ia ftricle 2.0, 7((
force coustunt befween nearest neu,“)or (unhke) parhc./e_g (s dcu'jnu/-e( 67
o . The force constaats between next acares! MCtghéa' (lke) parhicies ar
assumed (o be diffcren': é C(n.d/-; for wmasses I"qand /ﬁ’ ﬂ':/caﬁidr lhe
anﬁular force congfanl, [, 15 fakey 1o be e same whether a par bl .
0f mass M or M (s al the aper . Thea Garis aund Wallis (257 find, Cor the
particles at ftmen cven, three ¢3ux¢f‘«0'-'-" of the type (2.1) with M and e
re pladed b\/ ™M and/él‘ and, for e partcles at L+mrn odd/ +hrec @ g Foons

of +he f".{pt (24) with Mand g replaced 6y /‘; ansd /3‘. When the d{'sp/acgmmb

.““_'%

<
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J,M, L]
é
L]

(40 emb, +n Y -wt)

with V= and 2 for £tmen even and odd, reffca‘w'f./',, are substituted (n He

. . . . i’
sty cliffercuce eguations of motion, there results the dispersion relution
§ : P

1)

)

2 _’;\ Ayt ;;:'»vaﬂr%

' ] ' )
d“ d‘a d,‘s d" 0 b
] [ [
dy dzz dpy 0 dy O !
] [} [
dy dy dyy 0 0 dys '
2 3 ) = O). (4"1)"
dll 0 0 du du Jc: )
¢t a2 .
0 dzz 0 dza dn day !
a2 2 a2
C 0 dyp dy dy dy . -
H § ' .
wheare : ‘ ‘
v v ..
dc".-:.r:]ul—z.(dfar)—-‘f'/)(2-‘059":1:;5099;‘), =),
J;. = ~4-(54-r)s(‘n 9;' sin Bj , ix:,) : (_4'.3)
. d;: = 2 cosb; 1-8rz.ws€ . \
m which ( j and K range over 1, 2,3 and Vover [ 2. , ' i
I¢ we desiguate U, and G, as He displacements ot particles with
mass M amd ﬁ}'; resfeahbeh,‘ and write . !
&J_lm,n - z‘. eilb rma +nby-wt) )

|

fer all Lwmn, aud adopt +he notation (2.3) for fiaite diffeveace operators,

I

the same doS/Q"Sc;)n relation as (#2) results fFrom +hree 36““'-";“5 cf"H\(‘ ‘
e "
U ] 2 ) ;
. Mg = 2(ae Bl Q1™ - 4 2™") 20" 0 (247 445 v 05) 40
++(p¢y)o (A8, 4™ v o, ay ™) = s
a* (4 o, +ai )u 4myn \ ;
t va A l"’ +4ra (A + 05 )u e (.5) %
. . A
~ ) . . '.é‘
and +hree wmore obtemed 67 nterchange of Superscripts | and 2. This

oo b

form [6]. 1$ more convenienl €or ,oa”;nq to contrnuunt
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) neccssiin,' for d-sfquulﬂ-ml k—‘f«/een ALe+men even and odd s dfs,écnud with

' 2

} At /on? wavt /cn71’{\ ‘aud low ff&zueuc-,: U, = u; =U‘:);¢¢1 . ﬂtﬂ
B

(3 {

e”lplo‘fl:ﬂc( Fhe ex,oaum;ns ,(?-7)1 d:'scarc{m'g derivatives h.iher'f(wn ﬁ::f second
wud adding correspond ing members of the two sefs of three L?uahéns'of
mstion we recover the c7uah'us of c/ass:c«((,/ahéf/-z, of the tqpe (2.8)

with C L '
p=‘(Mv:M)/Za3 ECAE

! i
aud stiffucss comstants’ qiven by (2.6 with

L bz (b2, @

'
l

At /o.a7 we./e feu7~rft§ Yut not m’cc’Jan/\/ low H7«¢n¢7 (#.5) 0twm')'

1
H

)
wyth' I":-Za p,

ap o= a Wr8p)d-c) ¥ 4 (Z'bf £25 +3})4,
‘ c2(bep)(3,0, 0, #3,0,4,)

’ ‘ +5a R4, + 2/(3." A4, ‘ C (#8)
Thus, for the 70n:, wae ap,grd;:’maf:énlrkereE are fhree ezu.aﬁo;dﬁ ct the
+1,p€ (4.8) aud three meare chlained b\/ m‘fltvfc,han?( cf Ju;vcrsc.n,,f; { aud £.
e 5,'yicz;af¢an;ic(le./d -Hu; /on7i wave limits o,f the dispersicn rclation (@.2)
for both the afou:’hc and optica! branches. .

A c_oq*fmuqm *ﬁ.ﬂeorv, that ,/rodaws céuahoqs of the same form us

4.8) mayq ye conshiccted s foll;w;b.fél. We consider fwo 1nfl€(,4(u6;"“"4(1
| colnf—m«a, tdentificd by su‘pef}.(.r(ffjl:/akd Z, repr_e;w?ﬁéc, the tws fuce - 5‘
centered cubic Sub-lalties tf the Nall sfructare. The ,oo‘l‘wlfc.z{ enc,s,‘,','

‘ density us rakia «s u.z.u.a‘druh}. Function et the, sfrains ¢ f The Fao

(,0«1'?:.?.“4 and Thetrirelutive displacemenl qund rotation o« ler b ¢,7;r«/
v 4

; ; 6(4(;5 m»}m/. fo whc(}(:f—[‘e face centercd cubic add (Vall lat#ices be Lony,

‘

thes s, with %l 2 and A=L2,’ ‘ .
W= (3-8 ) patturul o’ l c5E A 33 ‘ s
Tl VTt za U e wsa “',\ qkﬁ t§ Tk e
H ! . v t ' '
ot o s b e ;
b o il AR i 00 i T G ST AR R ey v l

Blatovis e

e xaiia bl il e D kRS
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where )

Y A S . < K ¥ ¥ ‘
“ —(‘”"~““)" S‘-“. i é(D""".l "DJUC)J Wi T2 (Diu.l' - U, ).

KA AK LA kA KA KA KA @)
. c'-f“ =ik = (c“ -Cq - Zc“) dl‘-“ + ¢,y 5;:,‘ feg * Ceq ( d‘iks;& r 5.0 d'd.k)
and the 0., are ue <o it all jhdices qre alike and zero othcrwie.
Wirh Kinetic everjy deusityq
- Lk & ‘
-z 2.? Y% (Gi1)

and the pow‘enh‘;/ enevgy denm‘-7 (4.9), Howmilten's yariational privcigle for 1ide
7/

: ! ~& -
pensent variations Qu and (u qields the six Fuler g wations

& 2 A A
;u.,,t! = ‘(‘l)u[a“(b{,‘u‘,) + Cﬂ;b((biui -DJ- d‘)l
KA kA A A
+ EA.-E(CH < "ZCL)J&J'I(( bé Dk u!.]
vl 2.0 G ool vo A)J @12
LG GO U Y Ceq N A Ul 1)

These become the six CZu.’.f‘tonS of the f\”/( @8} 1€ we sct

K
acy 2acy’s = 16, acy =p+ly, =0,
(#.13)

2 2
a.C,',,, :_“C‘l: Tl ac, Tie, a"—'(m—ar)/aa.

l(u.sl the ‘Hteoﬂ, ofa ccm,ac.md contruuum, réproseart o 07 the
poteutial and [iuctic nergy densi¥1cs (49) and (4.11), produces Cquations
ot motion which urc Yhe (ong wave limel of the Gazts -Wallis €inite
drffercnce e%u.a,hon.s of an Mal/ type (aftice of mass purniles ,
it may Oc notcd +hat the linear frm in (4.9 15 rhe craory y
. den>‘l~1 of :c-'!f-ﬁ«f/:bmfz:d :mi‘u;/;.‘w.ss which prudeces w 34rfuce Energy
ot de€ormaricn analogous to that w1 ¥he sccond s P grasieat eguations
described 1a Article 2iil, but with vhe continuum repréesentation of only

Nearest qud ACKE nearcst nel7hbor (v fevacthions ,

. %
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5. Moleculay Cr\l.sf'a.ls and Cosserat Continuec

Crystels with identical groups of closely packed afoms, chu'ur olecules
situated «t +he ,uh»‘: ot a lattice are fermed molecular (,ruljfv/s (f rHe
Ntramoleculur forces are /ar7( h “ompurison with +e 1ntermolec ular forces
(265, 1n « monomoleccler crystal, there 15 One molecure afcach poiat of a
Bruvues lurtice, The a:.i,p[accmgnf: OF the mass cenrers of the moleeyjes corres-
poad fo +he d‘-‘p(acemeuf.s of the aloms of u monatomic (g fﬁ;(’- and the
assoctaftd (z u.a,f‘t;ua ef 'mof-th reduce v those of classieas c,ld.sfn-_:f-ﬁ td
the /OV%? Wi r( u,op/ommul‘ww. fﬁpwcucq te rofufton auo sFracn of rie
melecules Hiecmselves maq alsy be taken into accown t, fa r4e /anj wure

“p‘P/JXlMGc{ﬂOn‘ these %o Froms whech ma.1 bc\fcrnu_d the micro-rofufion gud

He micro-stram of w mieve- strugrure (mo/ccult)/ cun be represenred by ay

as7mmern-.c teusor of the Sccond /ank/ 5«7 V"-J- . The anh’:7-.m_r'ru. pr

of +Le Fensor :
Y = & (% - 90) (s%1)

descrives +he nicro-votation aud +4< u,mmeﬁ-u. parl :

-
ep =2 (¥ * ) 5z)

d€>crl‘6£j +he Sf'ra.(;ﬂ ——  bott of whied m47 ‘e d(ﬁercur From the rotaulion
omd stratn (aliulated Crmu +he displaccments of +hc musg ceaters.,

lhe miro-rotutron was faken inf wccount wr a Contraudm tHcory
'o\/ E.and o Cosseral [27] th 1909, Their e.gu,uho'ns were revived andf
applze‘d to two-dimensiconal provl €ms 37 Schae fe r (28] 11 1962. Ju‘JGZuoﬂ
Iy, +te Cosserat theorq was termed “micropolar c/asﬁc':i“, " 97 Eringen [29]
Cow,am'ou of varows forms of the -leon,g and genera( Soluttons of thc c5«,hu¢
by Erugen [29]) , Aero aud Kuvshinskie [39, 31], Neuber [32] and Mindin [334 were
jw'm by Cowmn [34,35] along with a more concise gencral sulation. fs is shewn

ba/ow, the Cosserut -Hu.ar7 s rke (on? wav e apprixidation fo a lattee f‘co/-’

=53y
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of menomolecylur (_,1,{1(5. A direct correspondence betwean the Cosscrat Hcon, Qud
the wolecular crystal KNOs has recontty becn exhibifed by Askar [ 361
. The long wave, low Fmo/,'umy limi T oF both the molecular lalfrce and Cosssrar
tHeories s the rotution gmdtévﬁ‘ )‘"{eor-{ mentigsed in Arficle 3i. Thes //m:;‘:n'c, for w
1s +he samc as thal obfawmed from the Cosscrar ﬂcor7 b7 con:‘r‘m:;ui? tae
WMICro ~vofation Vo be the same as He rofafon Calculeted Gon the displaements.
dn fuct, lougsa [37) refers o the roron 7radm@/ theory as the “Cosserp theory
wr"t constmined fofafllon-‘:‘

Extenscons o T the Cosscral -y‘keoru, +o fuké tato accounl the shuara
ot +he wiro-structure were made n 1964 by Eriigen [39.!("»‘mcromoryh:2."r£m7)
Green und Rivlia [39) (muitipoler” vheorq ) and Mindlin [40]( wicro structure ” theory).
In their Stmplest form, tese tiemies are chamifinred by the pofenfial
cucrgyq densery [4v]

w d ‘ o L
v 4 Ct“hl S‘J Sk‘ ¥ é bijki r‘J. Vke *f a‘Jk‘”ln KL'J'I( L
+ d‘-‘kim /‘\I l‘k[m | o {C‘,kf.« K:J.‘ Sl”' 0'3‘:'.‘[ ﬁd Sk( , a‘ 3)
where Si; is rhe orc{u‘ulr‘—{ straen (macro - straca ) -

s‘u =i(()‘ud "04"‘«1)’ (-r-‘l‘)

r(-J 13 the relative deformation (tfe differcnie betwern the displaccment 3md:ur

aud the miiro-de formation):

and ‘(iJk /s the ?rcu(le'qf‘ of +he micro-detormation

Kijke = 2 ik - (5.6)

g0 a0 oy O

La e cenﬁos'rmm&ﬁu'./ (Sofrymne case [#0], dijhlm *4d fptu, (5.3) are gcro

3 amd

‘iﬂul - AJ‘,J ‘J;(-l o-/u(tfgktf;‘i rr," ij):

v SevnaRaE 5
. -y

;wwmam,mﬁmanh
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qc‘jkl 9, J.,J Sks "iz(é‘;k J:"( & 'J:jk);
bijke = 010y, Gie* by 6,4 Gig *bs Tog 04

Uijitran = AT Sieg Sun™ Gk Siin St + 420, T St + Gy Gip i) o)
+ @365 Gon Stun + A0 g 1 G + 45 T g #04i Gg Gn)
g Qi S Gui ¥ %5 0id Gim S 0 (g G Gin + g im i)
td,3 J.,;‘g d:m d-km + Qe JJ'{ (5}(,‘ Upim +Q5 ka d"" J:,'M .
The associafe d femehi encrgy de«u'h, ts
Te bpd, & +40d ¢ 4 (s

wher ¢ e 15 The mass df"S('/"T aud d s a characteristie /eu?ré distension cf te
molécale  (hualf +he edge /fm,fé (n the case of  cubc).

The Complete setof dispersion rclahons for plane wives 14 2ech o
material  with « deformable mirostucture 13 qeven i [#0] ama Crhipits twelve
branches s The uwsual three acousti'c branches and wddi o, nine ecptteg
pranches, (6. braaches with don ewro #ﬂzumw at mfiaite waunc lényrt . fr
low f'ﬂru&ut{%ﬁ amd /ou.c, wave lengths, the ditfercnfial Cgmarons of wmoftin
auwd +he duspersion relatrons reduce to tHose of the €irst s brarin Gracens

f&&ov7 .

Iw molecblay c.npfuls/ +he most u:ﬁ‘ercﬂ‘m.f ot the cptrcu| bruwches
ts +he rf/a'fh/c/t1 (cw 'Frezucuco, “lorattonal " or “soft optical” brauch (fabe tes
TRo, fer trausversc ro futonal opheal n [4c}) Hat s coupled fv a trrasverse
acoustic branch . lhe ezu.uf?-e-u; of mctiou For +hes pur of couplec medes are
ehtuincd oy 5¢ffM1 \#(”).-_0 (*(.u-eb«1 e/m'uﬁa;‘fnﬁ +he shear Milro stracn) i the

first qud vherd of 575.(8-.5') i Lao)  weth +he resalt

R" b:“z '-‘.‘03 2, Yo © ("-;z ’
'-‘13 Oy ¥ i‘n >, Yoa '1Rt3‘f’m]= % vd' :I:c«u ’
where - -
fomm ity Kt by (5.10)
Kyy = -2@g +ay +Rg t hayg ~2G 3 tU g Huy

4

U U A SR ‘n:a_iis.‘.._:“m
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Since ‘hw= 0 (5.9)/ ey are e_zu,ahe}” of @ Cosserat confisraunt. 5ef’t‘m(1'
Uy > Ae et 3 Yoy °© Be ten-we ) (J'.II)
and eliminating A and B, we obfacn the dispersion relafion

‘R..St _sz -kl3g

- = 2T 2 2
ki3 kg 2k - §pdw

"
<

(s512)

The two branches of (512] have ordirafes aud sloyes at $=0 as follows:

2k - k|
acoustic branch : w]s_o=0, %";"L =( -—;F u) .
= -0

(5.43)

.E /2. d
soft optical branch: w]k=o= (‘%,‘fi) ’ ﬁ]t_0=-0

it M7 be vert fied that (5.9) are the /0447 wave [lmits o f the finitfe
difference ezuuf‘t'ous of motion of a linear (attice of clumbell wolecules
[20 Artide 10). We consider o liie of molecules of length 2d | spaccns «,
muis m and momentof 1aertce I with tramsverse displacemeat u, and rota-
tion o, at lattie pont 1, as (Mluspated 1y Feg. 10, The pofeata( cueryy ot
the (attice may be fakea as

Y=a"Z [2,(u,,, ~u ) * 5 A2k Uy~ Uy =d )
téd; d'( Foet - q‘n)z"'ﬁ (“mt “"n\("‘m( ~Uy, -dw..\} (5.14)

where [, .. &g arz force coustunts, Comfarc'n-? wefrh (52 3) we see +at (6 14)

s the one-diimensionel, finite difference analogue for vhe ceu'bos«,mm&/xc:
db’jkﬂm =0 ) {ijk»‘m =0
Sty =4 (00 2,6 » (un=f, [ = Dutti = ¥ = (ng ~cu-44) /A 515)
Kijk s % ¥ = (‘/'nﬂ - V‘nya~

Woth fute diffeveuce oparators &', A° ond o' agaiu defired as in (4.3),

the e?u.aﬁius of wuwofcon yre Given oy

T A e G G B L 4 e S e e g o e A i i D it 2 s L g i e e T I L

e NT v
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> . i . ;
"a%":(“.*d;?&d..)ﬂ.un - 8 (uyrda) ATy, = mi,a™ :
o . (5716) E
. S - + 2,2 - d* 0o -2 ;
™ g <‘2"’°(4')A Un *‘JQ 4%y, az A2 = I‘H.a :
H
Tusert (Emawt) .
Uy = Ae Pnam@rd -y s et na-we) W :
|
tn (5l6) and fiid +he disperscon relation 3
Z(..(,t-a(, r 24y )(Cos Su-1) ~ muw? I, vy lcos 3a-1 - 51 ) “
2 =) (5/8) ¥
d(oﬁlq-d,,\(cos bu -1 +sméa) 24,d (wsj‘a_l)—-.(ld‘,.I“l d
which (s (llustrated (a Fig.ll. The orawrates wnd slopes ot the fioo romches
ar $=¢ ure: !
- 7 . 3
. acouste brunch: w], 0, f“’J =I.d;(ul.v2.<..)+.lq(44‘+4._,)‘] i
S' dg g;o mdza.z :E
t (5:!9} ’2
soft opf—zc:al braach: “{l =d i_": de = 0.
g:d L o(g §
§:0
If in the fuuite ditference cguutions of mofton (s.(e), we set s

ak, & ra,+2d, o ali, (&, +4, )d/a :,(td‘/za‘ , a}u * Kyd?,
oy R (5:20/
ae—>m 1l 3(ad a

P

and refaca 0"1‘1 the €irsT Term i te expauﬂ;n otcuch of tie difFercace
operators (n series ot dit€erentu( perators, we fiug that (5.00) vedece

to the d(€ferentral Czuu‘f‘sius of mohou (§9) of the Gesercl contriraume .

.S«im'lar/c” 1T we tusert (5,20) wn +he crpresscons (5,9) (o the /en7 warc¢

hwits ot the two brauches o f tie luftice despersecn r(/ah)-q/ we fiaa Her
(_oro’(”on‘hnﬁ EXyressions (5:03) €or the Cosserul courimuu .
fn aiternetive formulation of the lattice q&«dwu and an alr/’//-

cetion +o KNOy are qiven ey Askar (1.
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] 6. Classical Piezoelectric ‘ty !

The c/as'ﬂ::aI, linear f'(eon, of elashc diélectrics (presoelectricity) s

‘a . eqpressed i terms of tweaty - five variables [3,4'] .
¥ ,
U; Mechenical displace ment
g 4 ]
E 55‘ Strain
11 T"-J Stress
'k E; Electri feeld
3 D¢ Cleckric displacement
3
3 P; Polarization
é @ Electne potentul
e These varwbles are ltnked 67 f-wenﬂ,-ﬁic eﬁuaﬁb“é:
? ~ () stress —65 wafions of wucofcon
7
: Tie v =4 s )
3 (b)eﬁuaﬁ’ons of He elechostotec f:'elc(
] D=0, b
: Eé s - w,‘ > (643)

(c) strair-d splacement relations
;) (64)

(d) consts tutiwe relafions

] T&f C:;«x Sk - €ij Bk s (65)
D, = €jxaSke * € Exs @4}
Pi= D=6 E, &%)
:
where
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cz‘u = elastc st ffuess (Eé = copnstunt)
Q‘.‘J.k = piczoc/eoﬁ’c'o stress -constant

s e

T permittivity (S‘J z constunt)

€, = permiftivity of avacuum

The e%u-a‘hous ot wotion may be reduced to feur by eltminu tion of

all He varc bles except u; and ¢ ¢

€ .
Cejler Y0 ki G T = Yy s (6-8)
S
“hijhe,ik i B =0 (c9)

A linear version ot a variutionu! priaciple due 1o 7cufm [+2] wayq be
ewmployed tv produce e?uu}alen‘r eguations of C«Buihen&m/as follows ,

First, separafe the eueryy density, W, of the dielectnc fo the
Stored energy of deformation wnd polarizaton, WL/ and aremander which

s the cuergy deusity of the Maxwell electnc self- Freld :
WeWE (5,7 rhegi g, (6.14
Thew define an electne enthalpy [41]
H=W-g.D;. (Guit)
Upon 5u6s+:f'uf'u.\¢, (6410), (6. 7) und (6.8) 1 (6:11) e find
Hewh (s, P) -2 e + 0, Pp - (¢.2)

Constder bodu( oc.c.u.py;hﬁ a volume V bounded by « surface S
segoamh'mj V froun an owter vacuum V. For such a Sqsfem, the version
of Toupm’j prti«uk/e et (cads f e.%u_u,héou czu,wa(uﬂ‘ fo those pre
Cedu:\ﬁ , for +the case of e«zul'/l.énu:w, 15

-§f Hav 'L(ﬂéui rEEP)aV [ € 8u dS =0, (6.13)

[ e e e R I R e e o e e e R R e PR v 4
h

]
T T e T L R T ,mem.‘fﬂ




EQAPIRPHG IR RTTEZD b VLTI ARd v <o e s e sdfRE - @ RIPIR 0 EREG RS ATIIAR L we e A S T R R R P SRR AT P SN e
o

0 FE

37

for 1hdegeudent variations of u;, P; gnd @ . Tn (6.13), V*=V+v’ qud ¥, is the
surfuce haction across S aud E 1s fhe external elechni €icld. Wow,

3 3
SH:%Y.Y- &Sii*%u‘spi‘eow‘i,é“g{*‘eispi ?'P‘:(r(ﬁi. G.14)
5, P,
Pefume g stress Ty and an effective local eleche fore Ef by
wt -
Tij = 2__ , E‘:= - E_W— . (6-(5)

Note -F(\af‘/ sthce TCJ =5 and

{
s""-:"i(uu;i+u“','j)’ (é-/é)

T 885 =145 6uyy = (T dag); ~Tey by

¢ Se.= (0 be); - @, oy,
PL- 6(("': = (()i &‘?Li - Pl:,i f\(,

by vhe chan rule o f differentiation. Thea
4 <=1 i, du; ~(E:_-."<P’L)5Pi -(-6,%&1-?‘-_‘1)5? +[ T; 6y r(-é,(a fPé)/T((]::. . (6.17)

{Vm"wicr that VP =V V' aneol that U; and P do not exest n V" we fund,

after applying the divergence +heorem,

’%Hdv =£[7*‘J’,i5“‘i r(E7-@ )00+ (e 0+ P, )opldV

~ [y LT du; rGe,g,rp;) Splds, (c18a)
-J/Vﬂdv':—fv_l 60“;,6(. &,{)d!/—fs ‘n”’i‘ﬁi &eds. . (G.le)

Wence, (6.13) becowm s

|

g r ) 0uy (€7 -0 vED 6P + (6o vP )] dV - €0, bedV

t fs[(tJ -n;TQﬁ du; +M‘-(6°ﬂ«0‘£:ﬂ‘PQ écp] ds =0, (6.19)

wher¢ ﬂ‘ﬁil (s the Jump " Y, ucross S, Then the Euler chu.a'(t;m.s

coatintas A e et L ot sy R et RS At m.m:.ﬁ
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T‘:jJL T €J = 0J
A -] LR
2 Boo-w: E =0,] wmV, (6.20)
: eoq;i,i ch =y
] ’ .
E’:‘ ‘(’J“ =0 VvV ( L2y
4 and 1he naturaf boundal7 cenditions
& ‘ton g, (6.23)
o V)L('CO‘[%L] *Pc\= 0’

follow from (€.19). In (6.22), n; (-eoﬂnhjlﬂ"ﬂ (s the surv et charee.

Y The cweray slensity of defermaticn una ,o\;.’ar;;un;'/ W laiten il er
3 Whe sal PP et oSS b S ¥ (6-23)
3 TR I B W R VIR TH R FRL

So ‘t’Lul", {rom (6.15),

L s
-E::=a,, P + 4. S
g J ik " k Jkk 2k > (0245
- t
e s fucd' Pk v ke SKe

3 E(buuf'w'u.s (6,161, (6.29), (6:20) and (6.2%) with bocadury con-

i ditons (6. 24), cons.f-dure a lmear version ¢t the €Guntions w(‘czom/,br,“,
»5 of elastic clielechiis in the form given by Leupin 428,

' The relations betwecn the niw censtunts az 'f"u"‘ and ":‘,‘H e
3 the TKE Stundard [43] enes are fraund us follews

-': From (6.3) and The sctond cf (6.20) (Om;ff'h:lcl, f"_c as ta the
usaal fermaulutiea ) t:'tL - - €1, teuce, the first of (6.24) becomes :
b €, 7 Uy Pe + ﬁ‘u Sia - (6.25)
.; Wou the ratio of P to €,E fs the dhilectne susteotibi (1Y, Hemee “‘: s
proporticnal tv the réciprol 5uueph'hi/if«1 and constani Straca (xfj) g

f i, s

AL AN R e s L e Y e i AR See gkt vﬁ




- o et ) A
G TR QR R AR I T e T e SRR SR WA

|

| a1
i
. wWith (6.26) ) (6.25) becomes
S *
- }
i E; =€ Xk P v Fire Sue - (6.27)
‘ Define susceptibility at coustant shm'm/ ns,-_‘,-, according to
i s .S
4 Wi Kok = sz (¢.20)
and wultiply both sides of (6.21) by 5, M to get
2 s s
4 €o N; E; = P + €0 Nunj Fjic0 Sut - (6.29)
Then eliminate P between (6.29) and (&+1), with the resuit
-
:‘i . .
4 D= - €My Fia See + éo(‘rc,'* "\iﬁE; ‘ (6.30)
] Aecordingly | Comparing (6-30) with (6.6), we find
','\
3 < S 8
. Q ed“( =-é°n£j fgk[: or del;'('o X‘J eu‘L; (6-3‘)
2 L I s s _ 1,5 o
3 € ° eo(&i‘j +N), or My =€ € "0 - (6.32)
.:.f Jo find C?ZJH tn terms of CECJ'U , Furst subshihute rhe cxpression for
¥
b Poy qiven wn ferms of E, and S;; 1n (@-29), o the sccond ¢ (6.24)
{3
‘ - S s ¢ ?
| lej = GMCJ(eo’?mk Ey - "o”]mn"nkeskn) * Ok ks
d or, from (¢.31),
Ny
o - P s
R G s (Cc,'u - éomn‘mq f ko) Se = €y Ex . (6.33)
. g
- Com part &c' (¢ 33) with (6. 5)/ we sce theat
€ P s
Cijes ™ Cijks ~ €oNmn Fmtjfnu (6.34)
or, frowm (6.3|),
E ~t .S \
Cvijki ® cijltl t € Xnm emij Cuk?l . (6.3,

Wibh the ard o€ the For’tso;ng exlpnessc[m_g for the censtants ‘(cj- s
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gkt and f..l , we way reduce the ecbu.u.\"ta'ws of e_%uihbrcum (G.20) qand the )
le WK

ul
Constitutive ezuuhom (0.14) tv the classccal form ofczuarwn.s cn

andt ‘P c&wen wn (6.8) and (6. (:)) b\1 e:llmmaf'lon of P First to solve the

tirst ot (6.24) for P recall vhat the reciprowal of aw 5 ecq“ . lhey,

UPOV\ malf'liol{‘(,u"'ton, we ha vt
Pe - eoﬁﬂfj(!’l’- r (k; Skﬂ (6.3¢)
Substitate this fFor ¥; v the second ¢t (6.2¢) to obtuin

S . ~
Ti.,') =" fkij é"nkm( Ewm ¥ fm'"‘s'"‘\ + cs;kl ek -

. -]
From +he sccond c«auilt'brium cquation, E: T, aguw omithng Lo, rtls9,

Y
S 7 (U v ). Hence

P s s ey
Ty =i €oNomn fmij Fotet) D00 ™ € Mim Fuij €, mi
L]

Tken, from the Furst ot (6.31) and from (6.34),

: ;
lﬂ:j,i. 4 {J - th( Mklt ftktd(Pkc *

which ts the le€1 hand side of (¢-8), as rgrcuwt&.
Next, from (6.36),
Pe.f'"o"lsc‘j(Ef;;{*f‘iuskk,i)
= *60"1:5 Y~ %“15;,' £ oea U, €0

Henee, +he left haud side of the lastof the e?m'hvrmm f.cbuuhc-ts (k.2C)

be come [

$
'60‘@1&'?..,’;: —60Y\ijf.|k(uk,l € (Jt.) *’M)‘P .

or, from the Civst of (6.31) and (€.52),

s e
L "Pi,i = € Yige: ™ € YL

which (s the left band side of (b.‘)), us rciuwai N

D ST Ay PTRRPEL | A N .
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7. Polarization Gradient ' ' ' '

Toupm's form of the classicel erbaa‘h&us efclastic diclcetn s ceveals an

omission 1 the classical f(can‘., His e%u.k\"ccn
E.-¢; +E; =0

1y the “e:Buu('u;n of intramoleculur force balance ” [42] which he dervee from

fundawmenta| considemfions of the e_cbu.‘(. briuwm gf electreul {-or‘LC‘S, but whiclh docs

notapgear in the wsual formulations . Granted Hie Vahi("f-, of the c%qar}unl

(7t s[gmf:'c.anf tHhat no beundary cond: Fon 15 associated wivh if o Whereas
Hhercs an eguilibrium c@u.a.ho‘n esseciated weth each et the variables o,
¢ und ¥V, oaly ui and ¢ arc accompamicd by bo«n'duq ceaditions

fherc s no coe €ficient of &¥; v the surface Mftgra/ tn (o.léj fe comyle-

wment +hat v the volun (hky’ral- Thes lack can be truced back to fbe !
abscace ofa Fuactional dt‘pendcnce S5 Wb oen the polaricaticn 'yradlenl}l::;_
Fd

fv fuct, o we werc te start by essuming dependente f W ca rhe dis -

P(u;?meﬂ'r aand pdlarlqu‘to;\ und +heor 7radl'en+5 « ndd f'r_-u,-.(_“r(iaff-(_r

the urst cyrud:enf/ Pi ¢ would remauin :t/ou‘f, wilh S5; and P, Cuty u; !

uud the aa f'l57mmd~n'¢ part o f ; would Wave fo be discardee - on Hhe
CJroqnds of 0’68“(%& Franslutionu! and rofafonal fnvariauce cfF wt, '

The culy Jus)‘f(:'(.a‘hon for dl'é(-ardlvttl ii.“- would be 145 possigle lack '

of 1mporfance Judycd on practical conscderutions . Howcvery ws will

be shown j %( suppllés fcrms Found 1n the (047 wave limits of Feni'te,

di cferéace e%uq\’w'ns of latfce

Hacores of Crystuls and wlso crtinds the
Contindum -rﬁoar-’ t accommoCate obscrved physical phenamcas.

To cx tend Iou.’z'w.'i varig feonul Vnhuy.clc Fo account for the .ccnfnb-

ution of He polerizatcon ﬁradlcm‘, (F1s owl7 necessary b3 roplace (b12)
with .
HtVJL(SCJ"Pa, VJ)‘)'EGOLQ‘%“?@’{P{. (7-')

In addition, we shollinclude He fnctee energq so that (6.13) becomes

Wy m\&-%hw.ww‘awﬂ.. -

&
; : 5

o
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] & ¢ S , r P ! n ! " ‘ :
f dt/upu;u;~de+fdc[/(ﬂsu,-fegé‘a)av+(e‘-8u‘-ds | =0, (i)
t, Iy t, v , s - )
ter 1ndbpcadent viriations ot U;, ¢ and P bebueen fuaed limits ot times b, anat,,
: e only addi ol cperalisns tn volyed urt « dew de¢ (.unlh'on, ‘ o
1 [ | . .
! l ' Lo I < . ow*r | ! (i
; R - Lj - ) . I 3):
‘ ' ! ' ' 0 FJ,L : 1 v !
i ; and fwy Mft(jrur'\onar i
1 ' 1 \
¢ ¥ t,. . L, . . ! . . t. (,. ' i .t‘ H
g&/ ucu,;dé=r uL- cu,;dt - U‘-JL("] "IU.‘_JU,;dt > "I GLJul-at, '
' . (£ N t ° t, R © ’ , ' ‘
. ) H ' ]
i Iv"‘ cdv /[(e £8) € £7]dv “fneEl Bpids -f £y Et ad, -
u./:fh thesie results and (6 18)} (/Z) becomes
1 . \
. & - | ! |
i - ve . L -0 ’
bt Wi w6, o) by ol ey v 5 - vNa rhegertitday .
¥ i : ] :
4 ~[atf e ispar s [ aef 6 d '
3 | 9, € d¢ todt/s t; - n “)Ju -nEy A’l’ n:(s, ll(pl-P)og] 5 0 4 .
r . - ! l
. ! : Thean the Lq/er ezuuﬁém arﬁ' ! !
:v ' : 1 | : o
‘: - e : , 1 '
_( ] , : r‘:.f,i» * f = P4 g . '
- . €t + E - -t e =0, v (ts) ;
ke . . H
23 : LY , !
‘ ! | “ Wt <0 | | f
ks , ! . i
v[ cl , : YL ‘ ' ; ‘
4 o o 6o 0 iV, S e B
,‘ ; | | . | !
with nafural boundar-1 cenditions 5
3 n ' ' :
o | :
: Ty = ¢, o
A i ' ’ ! ,
. ‘ : nE; =0, (.7)
‘{._ t s ' B
- . n;('colgiﬂ'l’i)’-o. o , - ! '
4N . I ' ' ' '
% : .
3 L '
e ' For. W", we teke ]
pr ’ ; !
¥ . ww. .-;_a PP? b Kiop v bl s.s! :
' O0KCTLITOk T 2 Cojke () ke 1
‘ 1 . .
' ; ! T d;j«(? Sﬁ‘ + f‘.‘k PtS‘k + Juk PLPk‘ : G 8)
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The :u.per.;u-alofs S,PG, deu'onu(fnﬁ fiscd sfrain, polarivation and polarismtion grad-
lént rcsyad'watcb will be omithed n the sezwl where no ambl'yul"v"l’ resultfs .
Su.bs'l'{fuft'ur’ (1.8) 1n (6.1s) and (7. 3)/ we find

¢
-EJ = a.l"( P“ + Jike P‘,k + Fikl skl ]

. ° 41
B = dnij P+ byt P * digke S T b5 (7.9) !

T =f; B tyei; ot Cojke Ske

SIS IF R
S R

The field ezua.\"t.ons (7.5) and (1.¢), the constifutive egua\‘uu, (2.9)

X3

i and the 5M2"'d"5}’(‘ cement relatron SCJ ={'Z'(“J,i "ui,i) wMPn.u +c €8u-‘¢hou: o f the .
awﬂmennd H«eoru’ [44], It ap,urent, from the form of +{e mtcgrand of +he ,
? surfuce integral i (1.4), whet oundery concs fons other than (if)are admssible. 1
:i 7&.45, n ’p(ace of the fraction a, I;J ), may bc sudshtuted the dusplacement Uy era

'} , . component of ether and He resultant o € the other 1n the plane ot right angres. The

. Sam( POSS{'bt'/l'flc's are  cyen for n; C'L-J- aud t;, F:'nal(:,l citer the surface chary ¢

%:‘ . n‘_(-(-,[tﬁ‘]l rPL) or the potential @ may be spec fed , Cf prime 1mporlance 1s the

.5 i fact +hat both the potential @ and the polars talton ¥ may be specified. lhis

f‘--:". a latifude not permussible w the classical theowy. ‘

' Caue of the novel proyuhés ef the aujmcnfea f"gar? et clastee :

; L dielechncs s (s qecommodation of au electromechanccal imterac From even

4 " for materials with centro sy mm etric Pl“f“-"”’ properties, rbes may be scen by :

L

1nspection of te encrgy denscty Wo s 3l'vcn in(3.8). for cenbrosymumetry ;

f‘-‘“ﬁ ji'jk = 0, st.nce there arc ud ceufro.:7..,~¢+w.l¢ teusors of odd rank. However, Hes

sl feaves d;u-ké which is te coefficieut of aun electromechanscal Cou,glmﬁ rerm

i the a.ujmeuf‘eé *ﬁeuﬂh but docs wnel appear v the cossical r(cor7_

g . As an exawmpyle of ch;fv(/quuph«L cenlrosymmetry, consider the
; :3 cubic pount group mim (lnferna{-m'ua(), 0, (Scheenflres), The generafors fur
' which are¢ Ces)
- <t 0 0 0 o | 0 0
3 0 -t of {1t o offjo b (713
2
" %"t.ﬁ 0 0 "l 0 | 0 0 | ‘.)

L sGRANRR
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Amp“/';“l these to the coefficients ta (7. 3)/ we Find
{ijk =0, ji;'k =0,

a;-:dud‘q, tj =b J‘J’

R P L R L M LU LS S A ST e

Oijke b8 e ol by + bea( 8k 60+ Gig 03 + 1007 (S5 650 - 814 850, (r.11)

A7y FTd

c'i-j((l: C J‘-'“ +Cp J"d'(skg + cﬂ-(&ik&i ftf‘p J )

3 ‘
1 qu d ‘fs‘xﬁ vy 65 Geg + Ayl fie 51"‘&; ,k) i
: z
' where !
!f i
f. b =b" ‘6,2 'zb“ s c=¢,-¢, -ZC“‘ , d: d“ "d., -ZL‘_‘ . (7. 12) §
: |
3 Insertion of (7.41) 41 the constifutive ciuah'ms (7.9) rcduces Hie latter +o
- ;
e

= bi =0y PL )

i

i € i b J«"'M ‘)l,k + b, 56,‘ Pk,k *b«-(P,‘ )' bn( Vw) M ‘%J‘J 3)

4 203 :

* A 6ie S #dia Oy Sug * Zeas S,

H _

f “‘J = d J‘J*‘( P-"k - d‘2 d:'J Pk,k "d“_(P“-'L b P"“'\) +C d:-‘u‘ké Sfl fCu él:‘ Shk f2(,,$‘ ‘. .

7 The ¢Zuu+«°4§ of wmotwa on u; P aund @ are cbramed by supstiruring (2.03)n

‘ (7-5) and em,(a«,:n? the stran —Q‘:}pluceuunf‘ N.Iaflon‘ wetb e resull !

.

.

3 6k Utk Ui Feelugrag ) od S Py edigB s rdee Pt Pt = ok,

:: d ‘lk( Ujk‘ fd,,u“( f‘%(“ "u,.”) b‘s‘Jk( Pj ke ",On k“J "hq,( JCL P'J"_) (7 )
e 4
3 (b -f..)

-]

E + LV uL qt = ay P.i - ‘el fEJ’ =0,

2 —et Ry =0,

e
IntHheone cimeustona! cus ¢, |
% .

i 4y T4, ("l;t)a Up=ty: 0, P=f(xt), %-A-0, «. €lxt), (713)

: é
E: and m the abseace of cxtrnsic fFrelds f; and E:; (7.14) reduce to ,
’- c“b U, +dy, 7P, = (au,,

E; 2 2

(4. + bu atPa -4, | “f 0 (7'“)
; - Zs' @ + P =0.

P N i L I L T PrrrNT A |
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To o‘n‘mi« 'f"t dl;’ﬂlno.d rclaﬁ‘}" for (7'(6)/ let
‘. e t) 2 - . -
u:he Br-wt) = p . gotltn-we) = Catlrwt) 2115
U"M“ ’“6‘{.')‘“#“’.‘7 (7.07) o (1.00) am{e/m'ﬂiaff"'? A Buedl we oblan
Cug"-' (aw" d,, 5'-
. =0. (7.18)
d.§ b.8" +a, + €
7£‘5 ts5 o z“‘ld*'“f‘i 63“«—'/‘10}1 i §1‘l s0 tt tere are fwo brunches f:)s;fld(
detinitencss of e energy den:(.)c,I rtawl"e.ﬁ
all > o ) b" C,,‘d: ) 0. (1.19)

Consequently one ofthe rocts ¥%is posifive real and the other 15 neparwe
[ ¥ r
Thus, one of the branches of the dcspersion relatton s real aud the

cther os "3‘“7“1“"1' The bekaviow ot +Hie reaf branch ot low Fregucnc o
s 74#&44 by

———

Im'« L -V | (128
¥308 1

7[10 /I‘;!,'/- of fﬁe /Jua?/‘nary b/ancé af zery tf,ez“¢.¢c_7 ‘5

fim ¢ = i/,

(1.21)
w->0
550

whert

t/2
y [ (b‘,c.,-d:)éc .

(7.
(1+ eqaicu 124

1f the confribution of +he palarcta/‘;‘m 7mdlénl‘ (5 cmilfd &
and d, cure rero and (7.1¢) reduces o

CH att“‘ = [Jdl H

iﬁ’d’l’ﬁﬁ'{"-‘- Py MM.UW&M P e >

aHPI rop = 0; (7.2.3)

-6 09 +0¢, =0,
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wheek ¢ 7ou‘mn.s form of the c.lasmauzmm;“ for the one-diss cusiona(, (t1ery,

centrsymmetric case. Tn (1.23), There s no elechomechaniial Cowplniy ; Hhe
wave motion i3 dispersionless with frezuuc-( givea by (1.20) for «ll g,
I(/ ugun, the contribution of the palarizatrsn 7md:5n1 (s onmitted bet

He material (s nau-cenfrox7mmern'¢_, (7.23) becomes

Cu ‘b;‘ul + £,0,P = f‘:“, ’
Fu b,u, + anPl + Dl\o = 0) (1.2¢)

-¢, D@ + P =0,

se that elcctromcchanical cowpling (s requined . Luscrting (101) tn (1.24) aud

eltninating A 15 aud C, we find

0= Le, - F2 Mla, + e)1E" . (1257

Thus , €vEn -Htau?‘ nou centrwsymmetry nducés elecfromec hamital cowpling, there
ts stil no liua7m ary ranch and the rcal branch 15 dispersionless — 1a the

absence ct +he con fribution of the po(ar: eation are dreat .

ST e L, a2l t-u.-i.:ﬁ e~
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8. Monafomic Lattice of Shell- Model Atom s
Ia s An‘fc./f, the difference e.zuaf;on_s of motion are derived for a
one-duitensl;ma/, wonatomee laffice of the Cochrun fﬂie[q-c] based on the Vick-

Overhauser (47] shell-madel of +le atom : a core, comprising the nucleus ano

s On T W T 4 TR TR T R
7 2 4

ner elechons, sarrounded by a shell of outcr clectrons. [he efec.troncc

Y

palanr«hoh 1s proporfional to the relative displucement of the core und shetll

s EAE T

of f’{\( aufom . IH a.dtf; 1‘10'»1 o ‘f'{u's :hﬁa-a f'()‘k(;. lt:tftraq"carxl atcounf‘(-'s tréenu

0t nteratomec interackions betfween core tnd cove, corc and skell aus Shell

!

aud shell of nearest ne[?h bor wtoms., I#cs shown +hat +Hie ezuuhan.s of

the lattict hav(/ ws thewr conftauum ((mif, e augmented Zgaarioas [44]
describhed 1a the preceding Article patler Han the eguations of the classcal
fﬁeof1 ot elustec diefectrnis . The additonal cffecfs associatbes with the
new muterial constaats bijke and d‘h-u stem W/tl‘narc./u, from vhe shell- shet/
mbcraction . Thes uteraction s kuown R be u‘nporfun'{ h vhe m«(‘o&m‘, et
lattice dispersion relatcons To dispersisn daku from aewfroa dif fructeon meas
urements et skorT wa ve /eugl%s (¢, +8].

We consider a ;:;‘7& e of afous (F‘?r' 12) exfracted from « fthree-
mensional, monafomic (aftice of shell -model utoms . The «foms arc Situwatrated @l
X,2na where n (5 a positive or nc,eu‘-u"f {Z4+e7er and a (s the (athie perameter.
The displucements of the core und shell of the afom «f K :Mu wre disiquatea
by U, and s,, rcsrech}e/«’, The force constant of the mfra- afom e core-shelf

wmterackon s d«sijual‘u{ 147 & cad the force coustants of +he witerdfomic

Core-core, core -shell gned sheli- shelf interackous are d's('gna/cd 67 A and 6;
rtsPnf-l.;c(e,.

Tle e7u.afwh of metiwn of He n™ wterior atom (core und shell comomed
(s shtumed by setting the 1rerfin of the afom equal the sum of the forces

on 1tS core and shell b«, He cores aud shells of (s two nearcst ncqhbor qloms:

Blunp -}t pls,q-ut) rr(um-s,‘\ rd s, -5
V-6(sp-5,-) = md,,, (8.1)

- p (“n "%M\) 'fl"‘f 5«-(\ -r (‘l “Uni

R T T T
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/] . h .
where w is the mass of the atom. The shell, wlone, o T vhe N wtom 15wt
upen by Fs own core, Hhe core and shell of each ot the fwd nc[yhbortm, ctaues

and, also, Fhe Marwell electne self-teld (whe 'y OCCH'II.‘S all space). lessee

o {un'sn) r r(und —S”) + &(5,",, —S,)

- r (sn'(‘(n-\\ - 6(5v\'5n-l) + % En =O, (8-2)

Rt E R At R CRM LR Ty OOt R b T AL AT S A2 A

ln which +he nertia of the shell 75 ntflvl"-vf'&dl cb 1y the d«ar7¢ ot the cfom
uma E, 5 the value  at x =na, ot the Marwell Feeld . Now, E, = -12,¢), ..
Gaud +his muy be CRpressed in terms et Y, , the vulue of the oo teatdl ¢
af L X v»( (,g'aundc;‘u7 +he derw'arwc in an 1nfunte Series of forwurd

diffcrences [7] .

£,z g, =% (-1 m' a™" AT y,, (83 .

mal

wher¢
By @p: (o, a,
‘: At"pv\ : (sz —z‘pnvl t ‘?.«)/a (8‘4)
[}
AS\.‘?.\:(Q,‘Q '3"pnol "3!,0,“‘ “Pu)/a

. .

— N . ey . R )
The pollr:r—u#’lon of Hhe n ahm/fer wnit wrew of e Three drimension

3 ul (arru.'e, I's deftued by

P, = ( s,;u,,)cg/a’, (8.s) :
§ Then tfe ezuuhéﬂs of motton (&l and (8.2) muy be rcurrenged o the tollow - -
i ,«
i g Corms

(sr2pr6la’ B, + (rolate’ ALF, - Pins 6.6)

BRIk,

(yrd')az?"l-\tu,‘ + fa‘fc%'zll: P, - (Arlr)a,?.zl?n g, 0,

where P- m/a" and A’,’ 15 the sccond cautrul differcace operulor (diviace 67 «t)

e

as defmea 4 (2.3).

s
>
3
33
b ¢
I
B
5
2
%
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Tt will pe observed that the ofiffereace ujuah'ou (8.4) have tie same

—————

form as the First two oT (7.(6), which e e oue- disensional diterintra?

C%Mf'w;l of mohou of the augmented ?‘ﬂ.emﬂ( of 2 (astcc dlé./t‘él‘“-‘-f . fcord -

I:ﬂqlt’J 1T we set

@, = (‘L"Z}’)aa‘b‘l = éo-'?fl: b, = 6“:‘3-2 ’

(e-7)
Cy = (@*2’}’ +6‘)a~|) d“ = (r*JJﬂzg-'

Gud ew ploy e eyyans:;n (2.7) of the secoud ceutrl differeate m screes
ot derivalives, we find that the €urst two of (7.6) are the lowest ordar
Contituum q'aflrc-xcmal‘wn T fhe eiu.a.h;us of motion of the atom aud tfs
5L\elll resye uf-g.}d«., .
fs may be seen frem (8.1) the polariiation gradient terus (t4ose wuir
. coefficrents b, and d,) (v (1.16) stem from the shell- shell and rnteratomc
Core- shell interactions — /denti f1ed by the force comstants & and y, respect
lve./q- Ln ‘Fu.cfl He form of (1.16) s preserved € e teraiomee corw
shell (uteraction s omitted but the shell-shell 1utevaction 15 retumed it
both ot these mteractions ore omtted, the confrituumt @pproxmarca
reduces +o  (711), which s Toupin's form of whe classica( €guateons
(1a tHie one- dumeusconal, linear case ), Tle sccond o € (1.17), Touptas
“ejua‘&ou of tutra molecular force balance ", dves nef «wppear the trad/ -
tional eﬁu«héas of elastrc drelecfrics;, but we see Flwt it (5 4 Fanda-

menta f;%u('/:'landm coudiFron : the e,auih'bn&m of t+he shell (ce. +he

SOAI A e 30

outer elechions) under +le acfwn of e core of Hhe sawe @foar and the

surroanding Maxwell eld. 7h e c.arres/oo«d;'n‘{ czuar‘un ‘n the 1,

. eytended -I—&eon—l (+he second ot (1.t6)) tncludes, i1t a-[cﬁ;‘w'n, tee acfeon ]
of e ac()'uceu+ atowms ea the shel( (14 tae contrauum ap/raru;«a)‘ra{) . 3;}

We have yet +o derive the lat+ice counterpart of the t+hird of ’3

(le) (+he “!r‘\m—rt ec“u-u.'f‘lblﬂ") aud ¢.$+z¢@(;.$(c the bouvula.r.{ condiTrons . >

I+ (s \'Humc‘«q-hi‘.g, to peuch vhese resulfs €rom conmsiderarons of eucryy.

P i}j‘}.‘gi’-
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5(1 “"‘["7‘1 with (6.12) and (1.8), lef«s teke, for the clectric cutlalpy

ot tvhe one-dumensconal lattiie (,l&f wnct volume a?)

H=E(ba,p,+4 c-;‘wz" Pr ¢ 36,(A,R)" + co(Acu )

+d (A, PXA,u,) - 5€ (V) + P (2], fe.3)
We have to fing +he derivahves of B owith re:pecf to u,, P, and <@, , The €irst two

arce coaveuhonal and s{-m(’;‘fformrd. For crxumple,

of 4. u,,,)z 1 b(“m« -qn)t 2

R Rttt 1 Ed . LA iy (u * —um\ .b(u»wl 'Um)
duUn a* D Un at wn ’
= Z'_. (unwl -U...\(S:"' "S:.“} N
a*
2
2 Z‘L(uﬂ‘uﬂ-t-“nﬂ-ut\):zA:(.“n, (9.9)

where S; is the Kronecker delta . To find +he derivative of 27§ with respect to

Y note €rst f“\afl from (8.3),

.a’(.Pn :a [ "e.".l Y, - é (‘enol -2 Cnot T "‘;n)

* s(?’\fQ -3‘90\'1 +3 Pﬂ" “F.,)' '00]0

Then .
b(a "P..‘) - N mel " wmel mel ”
P"‘—_'D_é:— s a P.,[S“ -0, —5(5" -28, v-&n)
ey (607 -38T e 3™ 6T -],
=a-‘[Fn-l 'Pn - ‘2 ( Pn—z"ZFn.n * Pu)
'5(Pn--3 -3P“.2+3P”_' -Pu)- "'] s
=-0P,, (€.10)
wheee NP e B e g p
= I oma > P, (8.n)
and
4.7,=(P-¥ )a,
At Pn = (PA'ZPoM" Pn-a.)/aa; (8"7~J
A?' Pn= (P»\-srvhl *3Pu-1 —P»-J)/asa

etk & AL L TR J
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{.e. DF, is the expan sion of DP 1 au infinife series ot buckuard differences [7].

Fc'nallu‘
+ 3 +
2R garg, 2 avmave,. ©.)
DQ“ bq’n

it A o ok

We now ‘ﬂhd +he esum‘wu of motfion:

Y.} "
= S:n= Ca Az.“n + dy A P, = pPYn »

- 931?* = dyAiu, + b, & Py - €''P, =279, =0, 6.4
”n

- ?alq". = -¢,0 0%, +0 P, =0.

n

e s e SR TS AN
5 N . N ) e 3 b R -
B P N L 3 362837 JER3G 223 2 S L Gy S %

i e Sty

TUP L SISt pm; e

The first two of (8.14) are the same as (8.6¢), with (8.7)., This

TTRRTILLE

Jusﬁ'f-lés the assumption (8.8) for the clectric enthalpy. Also, we have found

+he third of (9.(4)) whi'ch has +he third of (7.16) @ 1Fs contrituum Form .

If +he lattice i's of fiuite thickness 5’a¢nm'n9 an odd number of otoms

wirh the end ones at p= £N, the conditions for free bounduries are

- D(z.:t{ﬁ = €A Uy + B APy =0, |
_ 0(21") =d, AUy + b, A4 Py + b, =0, (8.15) ;
bz’;*%@ = €3¢y - Py =0,
where J
A fyy= ("3(mt) -fulla, O Py = (b+‘pn)n=£N' ®.16) é
In general, @dmissible boundary conditions aret +the specificatroin of one

member of each of +he three products, af each end,

UgN( Culuyy, +d,, A+Pgw), L (-du A,upy *"u APy "bo), ‘(’,_N(éor‘?m 'F4_N>3

c.e. cight posstble combin ations at each end | for +he one-cimensional case.
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The d:'sperslbn rolation for (8.14) (s obtamned bY inserfing +he

functions

E U,: Aet(gna—wt\’ P”=Bec(bu-wf), qn__'_cet;(!‘nq-wi) (8.17)

7 th the cau.uh'ons and e//im'nah;tg A, Band C, with the vesuit

E;‘: i _ i
i 2a7t¢, (1~ cosya) - pu* 2a"2d (- o5 §a) !
: . =0. (3.8

; 20, (1-cosga) 2a ‘b, \1-cosgu) ra,re;’

7

7his two- hranch d;sy:erﬂbm rele tcon 15 To be Com'aarcé with (1.18) — He

dl'syérsuim rélafion for the long wuve agpronmetion, For du<sl und real,

2a*(/-cosga) —> &2

J

so that (B:18) reduces fo (1.18) as expected. Jhus, the (cng wave b ’

havior of +he real brunch of (8.18) (s again givea by (7.20), As for

+Hee lmaaman' branch of (8.18), the wave numbcr ¢t zcvo frézutno, ‘s

:-‘w'cm b\{

sinlg =T;%; or $a= 5/%—; where sinh EQ'X = -‘-‘7 ’ (8.1g)

[N

instead of fa - iafh. Thatis, although the low Fr&zueuc‘{ ends of the i
branches For +he [vugwave approcmation (1.48) are tgua/ffan)(/y *h ¢
Sawme «5 the low ’(‘rcgueuco’ limit of the lprunches for the luttice, only
the reul biuaches are c«‘éuaufl'quwt/7 the samc there (ng.l'&). The z
limi+ of +he M—mylhaw( branch for the /Onf wave wpprommiateon s

somewhut 11 €reor as vhe wave vuwber at w=0 is not swmall. Typically, 3
afk might range kefween | aud 2 ) then the Crror v the conttnuum ) ;
approxmaticn fa-cafl as comparcd with La/h, would raage from '1
4% to t2% — on the large stde . As will be seen, the tamag iary weve

number (5 associafed with surface eFfects ot frund (i the clasrscca

f{xcuu’; and wu errgr ia Yhe wave numper atfects e amplirude of tHeo
effcdts und thew spatial rate of decm, cato the tnteridr

.xs;.nmnmm.mdj
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The range of a/€ From [+ 2 stems from caleulations, by Askar,

lee aud Calkwmale [49], of the values of the view coustants b, audd,,

(Md,c&usezuenﬂq, £) or severul albalc halede crystals. TZe,v fouud the
relutions of these coustants o fhe constuuts th o theee— disensiono( Coclran
[461 lathce of Dicle- Overhauser [413 shell-model atvims 1 an MaCl shuctere.
The correspondence ts not completc because 14e MuCl laTtee (s diatomee whero-
as Hhe contriuum (n hrfele | s a 5‘;"14/" (te. not compound) one. Howerer
the long wuve, low froguency it of He laThie epuations bus vhe

same Lorm «s the contiuum eauaho'n, v Artcle |,
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9, Cq,oa(ifance of T'Lu‘v\l Dielectric Films
TLe example of +e electrical capacitfance of thun, diclectrid filues
Sup,m;s w vehicle swituble for Comparisons of cxperimental dutu with

the yredz‘cﬁo‘w.r of the dassceal Heor1 ot elastec d/élcd'nc'sjr,ular}e-

ation ;,mof:'éwf *f'-fu:om, and (aTFece 'f'écoﬂi.
Consider a metal-dielectnc ~metul sandwich whuse waadte plan
Ke=¥y, 1's w« plame ol jeamef'rld( wad muferial symmetry, If euq effects are
neJ(e‘,fd, Fhe fiélds are oue-dimeusiona! aund the egu—ul“t::m.ﬁ é('C?uc'/lﬁru‘uw
are 7wiw 97 (7.06) with &‘ = 0,
Let-us €ursl solve the yroblew wiflin the framework of the lussical

*&60/\1- ilt(,w b" and d., r€ BTCro aug the Lzu.ahéu.& of gsg;-{,'knuu. redug_e

to (7.23) with & =0

:,‘Bfu':‘O, C(”()‘ +‘D‘t|0"o, ~6°a‘1(? +D‘P|=0. (9.!)

Fer a dielectne layer weth fructon - free surfuces al A~ £h, ou whech
are wmpressed volfuges tV, the bouuda/Y conditions  according tu the

classicel rhcou{l are

[Do“']xqu.h = 0) I‘P]A‘=£‘ﬁ =iv:‘ (9'4)

and *‘.? solutton of (3-‘), SuéJ'.:gf o tlese boundlful ou dlf‘l.:»zs, s

/

excay!‘ for addifive ccnsFonts n Yy, aud @ 5

U,= 0) f"- —631‘\V'V'\ , '\f: VA,,/h , (9})

wheve 4], = €, a;' , 45 the dielecfnc suscep tikility .

The Capucifence (per um arcal| (s the ratio of *e surfuce .

C—“'dﬂ;f (,oef yact arca) + He vo(faqo drapo acypyss the (é({erz g

c B2 Pl | G lem) e (9.4)
2V 2h Zh

whese € (s tle W:rm".’ﬁw'fy of fhe citelectrec,

2R I R SN PSR Ma’i
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Thus, accordidg to *he classical f{eory, tHeere & no strain , the
polavieation s waiform , the polential varies linearly :"{trmulél'ﬂt( Heeck ness
and the capaeifaucs (s wversely progortional to the Fhickness , o Haul a
céra'oh o f inverse Ca‘,oad.'l‘ﬁlur«/ vs, thickness s <: .n‘mzth tiv e 1"4’0‘17‘1 the
on%fn. However, n a :e.n.es of csren'u.mh wifl o A(anfy ef very tHeoor
diclectrie films befween wmetal electrides, Mead [ 59, s { azj foune a
dif€crent velation betwecen (aversc Cq/‘acl.’l‘ancé aud thicku'ess, fres ex-
Vcrl'mevﬁ'.'“’ dafe Tull on sf—rai7hf‘ ltves WI"“’“; tf’ exteuded fo gero
thickuecss, have 'z siteve tnfercepts of inverse capuutance , us [(lystat
ed in F-(a- (4. In;'f'r;';((;, ):&‘0] Meud Ju?(fufe,d f‘(laf .*(e ao‘acwlu/y naght
be due o yenc-ﬁm fon of the freld (ubo the elecfrodes & vut .mbc;a-uurIT
[51] he ehandined ot V/ew a/:‘(oufé memrw‘ul-( (1 hud Yeen sup -
ported by Ku and Ullman [52], An alteraatoe exV(cnur?on 5 found

]

in the auimeufed -H\e.or-, ofelastic drefecrnes (53], ‘ ;
The sofutton of He augmented e,au.ah;;n_s of equcl typmm, (Lte)
with a7 0, (ma/oyous tr te onejust g}aew for the c.(a;ucu{ Cquations,
rezu‘wes 2 boundar7 condition tm addition 1o the surfuce T'fubf!on aad
fotential, The additional cond:ﬁou con bc 1te SVtuflcaﬁon of 4’{1? /o[cr-
{ zation atfhe surface of +he dielectre . #ow, the Volarleuf'«m afq
boun a{ar7 ¢ & e dielectrc 1na mefel- diélectr —_mef‘u( Sand wech u_://
dqﬂend on the ,oﬂufsc&a/ Prower'f:és of +he ao{]‘acenl‘ efectrode aud
mefu/- d ielectrc tiaterface ! aud f*ﬂe;c. properties are cutside Fhe
compd 55 of the Meo/«{ of die/ed’n%s, (Howe vev, .'s(fg.,g the polarizuafion
n the meful s zero, (T (s veasonuble tv assume Hat %'f st Face ,aolcrizq:
tow wi the diefectre, (f pot actually zerg will Iic bctween #ero and
He cassteaf value gives by the second of (3.3), /‘tus/ “s sm.n? Hat
the two electrides ang tnferfices arcthe Sauce, ther i flucuce on the
surfece po(an'tu?"la'n muy be infroduced, pkenomcna?uyfcallu’, by ae?'ﬁ“:;

t+he bGoun daﬂr coudiFean

Vg
S N VI T R A
EIOSTOFY  tATe OAT N
e S «\. 3
i S p o,
iR  v

eoenl
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[Pc] x"u_h =t-K é°}]V/h 3 0{( k<l, | (9.9q)

! i '
7ac!cla5slca[ condition s k=ll while k=0 describes con’hhb;f7 of

rolammho'n acvoss the nterfaces. ' We suppose also, asl.s wssumed (n

the clussica! f’AearyJ Fhat the traction weross the 14 fcrt‘nws 1S zero,
Frow Cr08), +his coudition s

1
1 - |

; _ [T...\x‘[“h.l[c"b:u,i-d.,D,P‘]xl\uh’= 0, ‘ YY)

Fcha//uil wie Supf;a.fe that +he vulf—uyes C‘PW”QC/ to the clielectrie at the
.'nl'}-evéace) are again

H

[ @)y o = £V | " Gs)

We have now o sslve (;7.14,); ‘w,fa_,:;,_-'oj saubjcet to tHhe
Uowmdw\'/ conditions (9.5a,b,¢), Let

u, - 'al Cos:h% 2 Pl = AZ ¥ BZLO‘s‘" !(21’ > ¥ = Asx, *'B,; 5(‘4‘13’ . ®.e)

Uy'on subsf[f‘uf‘u’rxg (9.6) » (/.{6)1 vie' find . ,

L ACETA, By = £8,/¢, = - A¢y B,/(-od",, 1 - (e)
wl\e"f . . ' ‘ , L
1 = VL“_L___" >12 - ( € (bucu u )_)UZ ' .8/
\ :c(,(al,i—eb') : ¢, (1+#n) ! | '

l

i

(6. Kk is the same as in (1.22).

As for boquary wnd;Tu'msl (9.5 b (s se s f-(éd'iacwf}-
(.uu\/ while (9~6-61)!1U40{ (9.5¢) become

. | A, + B, cosh(h/£)='k€-°’1v/hs

- ) . (9.9
Ak +Byiah (h/() =V,
vesyectively. IF-mm (9.1) and (9.9),
Aye (8y/ma) cosh /) + k Vi, '
(9.19)

By = (1-k)qV/ [ sinhr (n/2) + (h/4Jcosh (u/ ().

-
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The remauhlhg constants arc obfawmed from (9.10) aud (9.7).

The capacﬁfauce ‘5

AR i St T el T

{_“o oy ‘P:];‘.gp, ¢ | *(K"jl/h)fanh (hfe)
= = — ' (9-“)

C .
v 2h | (4l n) tanh(h/9) :

g

TR

rf we (gnore any voltuge drop thet may occur v the clectrodes.

IR,

Ib\ FI@«M‘, +he curve marked k= o.{ b“aw: 'f’(xe re.(aﬂ'on be -

tween normaiized nverse capacitance aud normalized thickuess, according

to- (9.41), for +he case M=10, k=01. Galeulations from Meads datw,

USRS SR a6 S

for small k' iwdicate that Hhe marerial property £ for alf his dielectnes

(s of the order of ma.ﬁm'ch(e of « few angstroms

and thes s sup -
ported by Aslkar, Lee and Gakwmak's calcalations for alkali' helides 44,
Heuce  Meed'’s data, which do not extend below a +heckuess o+ 302, would

D N Ty

be well to +he rght of the knee of the curve k-0.1,1u Fig. i, aud so
wou {d qc're f"f’ C('ﬂféaramé ofa lingar relafon W[uc:f\, 1€ exrended v were
thitkness, would heve « non-ierg Pos(.h&e/ 11fercept of trverse c«fau'fwze‘-

Thes tercept, accordiig Yo (9.11), 15 |

Ca = 28(I-K)y/e . (9.12)

It k=1, the wmtercept reduces to cero aud, in fact, the whole soletron

reduces +v +he classical oue . H-owcuer/ (1 Seewms anﬁfcely +hat He preseace

I A

of +he meta! would not tnflueace tha polarization of the diclectric at He

metal- dieleckric nterface.
The polarization and poteatal vary across Hoe Hhickuess of +he
] dielectri as shown i Fig.l6. The absolufe value of the polarizateon
is almost uniform across fhe major portion of the thickncss aud
Sh‘jhﬂcl less than the wuniform polari zafewoun of the clessical f'c.eor«,/' but
then drops sharply, near the surfuces, +o boundary vatues k +umes te

clu ssical pelarizatron, as speci feed « The /ohuh'a/ has aw almost uniform

A . e A A bt . A
f s SRy RIS SN L el

!
e
S
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i .

E gradient, less Hau +he uniform gradieat of the clussical theory, over

3 .

: most of +he thickuess, bul thew 1ucreases sharply on approaching tie bound-

a"'--t s, The exf«me/\/ localized surface effects are accounted For by He

3 contribubion of +he poierisation 7ra.d(e«r to tee stored ecnergy and are

E 05500((&(’6(/ m«,)“(rmuhm//-.,, Wlf" '1‘4( ('maj{b;aru/ braach o F7te dl:SfErtlcrr ,
E relutcon — « brauch neo'l present a Ve classical '/‘{Eor}/, ;
E Mew consider the ana,h:sous solution of the lathece Ca‘v““‘"“."‘ (8.19) ;
% with G, - 0, subject fo baundan/ Couds tions Gunalogous to (9.5)" :
{ N = ke, ‘V‘V/h CoPelyy t dys,Pyy = DJ Yo = £V, (s.13)

g where W Na. we tuke
‘. < B cosh 29 , P = A, +B cosh 2 5 € Ana + By sinh 14 (5.14)

3 .

w and note +hat D'[£ (na)]= [a f(a,ﬂx cna and

‘ A‘coshf';\-" =a‘z[cosh‘1;:”—°-fcoshm' <-2co0 sls =4y smh Loshﬁf’- . (o.15)
E Then, subsfifuﬁluf (O.14) in (B.14) we find, analogous tv (9.7),
A= €Ay, B= AB; /e, =Acu B [e.du ©.16)

and, in place of (9.8),

3 Swh (a/2r) =a/zj, ®.17)

i

; where £ is the same as o (5. 8), Thus, (9.t6) s tle same as (5.7) with £
; reylaced by A but £ aud A are not %uai-e tHhe same bcclml related 1

' accordence with (9.7) aud differing by some 4 to 12 percent, us rewarked ‘

'{'D({oun;\.c, (8‘(9). v .

3 A-pplfcahbn of e bouna’ory condctons (9.13) leads, by the some pro

CCJ“VC as ‘ébl “"l( (_on{'{ﬁuum' t+o

. / (1-l) 4V
:%.CQS‘,_;_* %V, B. = |<)1’

3" n‘smkti %cashh (349)

- . L K
I T T Y W I R
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anafo«:ou.i +o (9.10)- Fn'nal-’yl +he capact faace ‘s

€, bt“egﬂ -P.g“ - f— : +(kn,\/h)+“nk(h/’\) ‘ (90'9)

2V 2h e (ya/n) tanh (W/A)

C =

Tt\us, +he eutive so lutcon is identrcal wifh the contituum one excepT
that the displacemeat and polarization have siq wificance only af
the atom sites and L ‘s replued by A Tnpartcular, the curve
0 FECJ. 15 s aW{(chéle Fo the lattice 1f £ 5 replaced by A 1n both

abscissa and ordinate.
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10. Surface Energy of Deferwmation ana Polarization

Tt will be observed Hat +he interag| energy deusi{-y of defrm-

aticn and polarivativn, (7.8), contuins the terw b:j Pd . livear i1 e
X

polariyation 3rudgéuﬁ As remarked n Artle 3, +He aua/ujaus term

mear i [ 0.5, 4 [ h Y
| tia the sf'mm’ Saey C‘J-SLJ, 15 omitted as tis of no consszqem.e.

It leads +o « homorjenuus stress wb«;[\J v e bouuded boJr with a €ree
b sqr'Fue, can be removed by a hamoﬁeneau: strain which  n Ffurn, cau
/

be regarded as the refereuce con{fgura.‘hbn. The sifuatron i's other-

o

a0 WA (L 5 SRR ARk O

wise €or the term linear (n +he polari zution 3rad:;en1‘. /{»(%o«cia +his

7/
too, produces « hom.,geneous field , it is « fleld o f E;; rather ttay
TC& , a5 Way be seen bY reFerr"nc{ to the constitubve egua,f-[ons (7. 9),

Py

The rewmoval of N By to free a surfuc: (see (7)) results as s ifus-
’

trated be/owJ

A S

fh e Po(art"z-u‘ﬁon and stran wheek de(_a.y eg/ponm/-u;ll‘,
wmto Hhe aterior of e évd\/.

P ek 2174”
-Seiiaids

204

As :s‘c‘{escnted th Article 3 the energy rezuwé& to separate o

E}

bod\! wmto tFwo Var'('s c.o‘«yr; ses a boad energy and o remainder . e

former s what would be reguired fo breal fhe afomic Yonds across He

X P T Ny X

surface (f +ie straw | andnow the (o/art';af-c'on, were prevented from devel-

Opiny, Say by Aypuf‘ctt'm/ wechomeal gnd electrical external €ields. The ve-

EROR, 7,

lease of e Aypo'/“.aw‘téa( Freld's would resell 14 o detormatron gque polariz-
@ fon, localized nearthe surface, with which is associated a se rface cuergy
of de€or mation and polarizaton — always neja/-u;c , Thas, 1he energy m?umfd

+2 56},4,4#4; « baJ., tmto two parts 5 the beuc(euuj), less the cbsolutc

4

s

value of e sertu:e cu&/77 of dcl‘omw*folu aed f'élar(i Feon, . The lafe,

<. ) . . .
5 mtroduced 67/ vhe lincer ferm/ b‘-‘-e;i, in W' aud a formula For

4

5 tat part ol Hhe surface ene rpy My be found as follows

IRLIINT o £ <o 31

The ‘{‘o'laleu¢r77 1 tHhe 5stem’ n e7uil(‘érw'wt/ s

f,wev= [ (it te g = [wav s [ 1egieidY, (10.1)

¢ 5,

s N R g A - ek S
R RS A TR R P A AP N I A v s b L R R e G AT S e

R .
RIS S pniloom o Ly m e o ,..l.n.:m.s,m‘n.,v"ﬁ
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where V is the yolume occuyléd ('11 e dic/ed'n.c solid bounded by a surface S
se'oara:('t'ne, V from an oufer vacuum V' and v-v v’
By Means of Fhe constitutue @guu?‘t‘oa: (1.9), the form of W* may be
convertes ¥rom (1.8) +o
2w - TS * E&j P -EfP‘- +b %‘" . (to.2)
quro«jh the use >t the chain rule of differentiction and +the divergouce Hieorew
qu 5;; AV =[{T‘J o dV = [ U uw),: -T; uJ-] dv
{s”‘T‘Ju a5 /V A “idv'
[Eupeav - [[(€yp): -6 NV [n6pds - £ i,
. Jy 5Picd V= [ n b P S
[oieedV = [ L)~ ldV
/” Lo eds~[ ¢uedV [ ¢, dv,
where Et(;‘l is the jump 1 C(;L- across S, ny’ou u'n;erfu:w{ these vesuits in
(10.1) , we have
f WdV‘Z/mle Tou +E; P*é[t(]«‘o]
<T 4 B P+ EFP ce @) dY ‘Lﬁ.lﬁi‘?d[’. (03) :
Wplication of e ezuc'lik;mu.m eg u.a‘fu.:u:’ e (Wi)and (16) wiph . =0 ;
t+o U63) reduces it to i
a1 (o )0 il Sy -Gl )i elas. o
ﬂxeu, wm the abseace of external frelds (F_‘-:EJ":- 0) and w:ith the bouudary free, i %
(77) with Tz0  (10.%) reduces *o é
< . o ) {g
fw wdv = L/ n‘b;JP‘-dS (10.5) %
a
@
sy — -, 22, Tt 2anut @;
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This s the energy of deformation and polarization which must be added o the

Voud energy to obtatn the total ehergy fﬁi(ﬂ.’fd to separate He matercl
a/ouc, Hoe surface S. MAs 1ndicated by Schwartr [541, the additional
emnerqy ‘s always negaﬁéf 45 & comseguence of He pesitive defiteness
of The %walraﬂl part of e energy c/euu'f7 wé:é(, tig Farm, 15 reguirad fer
stbiltby — c.e. because energy must be stered ruther Haugeusrated, during

the ay)pltq;ﬁo‘u o f cxfernal .50017 er serfice forces. Thus,

!

v s

wdv :/V'[i ¢ g+ (Wb Po)lav *flbz} Fodv

o

=f Lagc (wt-bg LV« by f;ds (o)

Sabﬂacﬁng (10.5) from (10.6), we have

/

12

{a¢cer (w-e

24

‘-P')]dV *ﬁfsﬂcsz PJ ds =0. (to.7)

"J .i,(

But the volume fm‘eﬁral " {to.8) /s Fos;fl'r-r . Hcace
{n,; bf-‘. PJ. q45< 0. (lo.8
S

Fc’nal(\/, we may define
P AUN YA (10.9)

as the surfuce cuergy of deformafeon aud polerization per vuit area,

sometimes called the surface temsion .

There follows The solutiin for +e displacement, polarization , potontia
anc Surface energy of deformution and palarii-az‘«o'n i the ha(f -space of
a centrosqymmefric cubic crystal bounded by a free (100) face. for ths
problem, tle felds are one-dimenswonal aud in eiuilz'érm‘m 0 Ml for

the half-s puce %z0, the e7ua1‘=.m5 o f motvon (11§ ) veduce Fo

c.‘B"'u, fd" B.ZP‘ =0
dub‘:“u + b 'D‘.". - ayf, - b‘f =0, (10.00)
-6.}:(@ #’b.f" =0

2
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and the boumo{ary conditwus (7.7) bewome, on x,= 0,

¢y O u, +d, D.P. =0,

d'( a‘“l ¥ btl'btPl == bc Iy (lo.n1)
- eofaa"? + P‘ =0,
Consider
u =A, e x /2 P =Aze-x./l L = A,e”'"". Go.12)
Upon substituting (10.12) into (10.00), we fiad
A3=-1A2/éo "/?C"A‘/éod“ (10.13)

where £ 15 ugam guven by (7.22), With (10.13), the furst aud +hird of the
bo«mduw’ conditions (10.1) arve satis fed z'denﬁ'callv and the second

boun daf'.{ condition yields

PQp— L T (1014,

Cuk (au ’ ‘o-‘)

Theu, from (10.13),

bo bs
A, = R A= = — . (e.rs)
: £(a,+¢™") ! 2 1+ayé,

I+ meey be seen that the frcelh? of the boundary reswlts ta a freld
of displacement, ro(am'za‘h:‘m end Iao‘feuhal locall2€d ¢t +he surtace, ﬂaayui?
twto the interior with decay couston® L. Assocwted with +he localiced Freld
s u sarfuce enerqy ot deformution and 'ao(arizah;m, v vt wrca,

(a(;/en by (10.9): 2

S: - ¢ (I 0‘6
v 24y (e ayt ') "

Note +at, from (6.2¢), (6.28) aud (6.32),

I+ “;'C';' = 6:/é°= Ky (THD))

ie. the dielectric constant in +he [i00] dircction.
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o As noted at the eud of Article 8, Askar, Lee eud Cakmak [49] have >
i made calculations of the new material constauts For several alkalt hairda
crystauls. From ihese *ﬁc«t find, i the casc of Nall, for ex ample,
3 ]
4 £z 03 x10"° em W= - 59 ers/cmz. (e.8) |
The decay constant € 15 about half the distance between neavest neighbor
t atoms m the Mall cru{&f‘a(, Mdt‘ad't'ma exfremeln.l mpl'd deca\/ from +he
4 surfuce into the (nterior, The surface aerqy of deformution and polari 2ation
f s about 30% of the bond energy, So that- it is far from negligible . Borh of
i +hese vesults wnform Fu experimentnl observations (20 211,
Add;ﬂunal Jc/u‘f’t'ons for surface cuerjzé_s of dfeformeation and pelari-
L zaton (rm imfru,m'c waterials) have been obtuined éy Schunrte [s4] aud 67
l Hskar, Lee and Cakmuk [s5] for infernal spherica! and cylindrical s«riaces
% and « crack. The laffer have used average values of Hewr previoes calcu- .
lations of constuuts for alkal’ halides [49] To obtac some %Kmﬂ‘;ﬁ?‘u;f re~
; Sults. nCY tiid +hat vhe cehsolute values of Wiare reduced by curvaterc of
f i ternal surtuces aud theq also coaclute Hat W35 frcte at the voot of @
A crack.
]
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1. Acoustical and Optical Acf-iw’/y " Alpha Quartz

Acoustical activify (rotfation of the direchon of mechonical ais placenen?

alony the path of o trusverse, elastc wave) has recenfly beeu observed by fine

R R B T PTG o 5T
t )

[567 m o(-%uarfe  The ‘oossibilffv of e V(eaoumm appears Crst ¥o have been

TR

mentoned by Silin [$T], If wes accounted for ‘7 Touprn [19] on the basis of He
first st gradient f(un, (artecle 3ii ). Portigal and Burstern [58] found au ez..,‘-
valeat reself by as:io;n:h? dependence of te elastie st ffuess ou the wave vechr.
Tuthe presont arf:}./f/ 1T s shown I59] tat both acousficalund op¥ecal activiteds
are accounted for ta the ,olarl'tm‘:é« 7”(:'“1‘ ‘f‘cory (Il»rﬁ‘c(f 7). Iu what
follows, the field Czum‘;m: are exhibifed for the coupled clashe - clectric - mag -

netic sy;hm’ He jrroblem of shear waves along te trigonal axis of (~7unr'f‘;
. 16 solved, formules are obYained for the optical aund acousfical rofutory
powers and aumerical valucs of the new material constants, i the formulas,
are coleulated From experimentsl data . Essentially, tie theory hus (F tHat the
appearance of oph'cclacf'l'vﬂy dep»uu{: on au (nferacton vefween the polariz-
aton aud e poleri xatya ?radm'»d; the appearaace of acoustical 00‘71/1'9/
depeuds on inferactions of Hie sbacu wth Yoth the polaritation acd +he
polarization 7mc¢¢énf'/ and is absent ifeither iuteractn is M/Nl;'-g .

wheu +Hee mmaueﬁ}, feld is fakea wato accoun?, te eiua.f:o«.s of

Article 7 bccome

Tij,}. +f, = {)&'J, any
Byt €t EjTE =0, (1.2)
. Sb; * B =0, (n3) :
B Oy - - B =0, L
) é, E‘Li t Pi,i =0, ar)
8, =0, (r.6)

4

where B, is the maguebie Ela deasity, Mo is the magnehe permeatility of

@ vacuum and 5. 15 +he une? al'hrnuh'n.i Femsor. Also as before,

A G FrirBR e o8
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° Sil ) F('. bl:-".'

wkcr@

W 5y Pu?, v sbirialii Pt s oSy See « i By e St D PPy > (19
S ACTR AP “.9)

Ir s conventeut +o eliminate B af the start —

¢t

curl of (11.3) from the time derivative of (I.4) with the vesult:

. by :ubfrad'l'mr the

Eivi Eiiy = G E tun Py (11.10)

E%ua‘/’&)né (1.5 )and (i.e) are not mdqofndmfcf (+) ang (1.3), respectively, and

may bc disregarded for the preseat ypurpose . [Thus, (i10}, along witl (1) awd (1.2

1o0 s f{J = puj:

(J' (X

Eint E; + E; + E; (i)

"
<

E... -E.. =

LALS 6it

€, Mo E vl
are the field ezuaf't'ouﬁ cJovcrm'n? wechanical aud electromagnetic waves,

coupled f"(rou.ﬁ"l the constitutive Cguaf(:ms:

P
.= Y
Te; = Cogen Sue * fieg P i P

L. .
~€; = e See + kBt fiee Papeo Ui2)

By; = dijien Sue Hing P mbsjur Paes s
whith are obtuined from (1L7) and (11.8).
We consider plane, transverse waves 'oro‘aa%uh-n(’ along the xd-axz'.s; -

Uy, b and Cj are 2ero and +he remaining u;, P,y and E; are functroas of x5

and t on/y. Theun *he field ezua-f,'ans (II.N), with 1‘-J and E; gerd, reduce *o

Tis,3 f’“ T, = L%

f-E‘rf,:O,

E,'”z 6'./‘0 E‘ "/”AFc s

(t13
s )
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and the constitutive esuaﬂ.ous (11.12) reduce +o [59]
Ty % Caq iy ~F13 P ¥ a6 Py T32= e Upy t Fia P ¥y Pygs
. ~E' = £, Uy +E' X, P+ dn Bu3s “Eg T-f UL X =in b, Ut 14)
~_ Ey ey - inPa+besh g, Esa= dautpyrin B Tlogs Py
: for +he crystul cluss 32 (Internatonal ) or Oy (Schoenflies)[60] to which -
o guarts belongs. Lu (it.14), He abridged notution
: =1, 2292, 333, 234, 327,31~ §,13°8 12%¢,2>9
3 (s used for the subscripts atfached to the materia( constaats .
3 Tuserting (11.14) 1 (11.13), we have
i [ - ve
: CeeU33 ~ T P:,‘s tdyef3y = PH s
. c:\v Uyt fia P.3 tdie P:,a; = f’&z s
. dreti,3 2 Ps* s PLas ™ fiedz,3- € xy P *E, =0, (115)
dag Uz sz *2un Py thsy Pyt fieyy “€ Xu P * B2 2 0,
El,l} = eo/“ogl "/”0 .Pl H
9 Eqny = € MBa v by
A/ow' ‘f’uk!
Uz A, singlrg-vt),  uy=zAgcosglag-vt),
f P,= B, sin¢lxz-rt), P, = By cos ((K,-ve), (.16
-A e|= C‘Q 5!”((‘3'Vt), Ea=(.2 CoS‘(x,'vt)
,_; and substitite Hese functeons n (ILS) to find
4 ’ 2
(cou-pv' A~ £, .8, rd 468,20,
[
(e -pv )6 Ay - £1u 8 rd1a6 8220,
) .
é”ngc ‘ﬁ;gﬁz *(bﬂ‘c +€, X..)B. - ZJW g 52 =G = 0’ (1 |1)
-1 . )
d“ ““z ’f“cA. + (b.ffngeo XIJ()BZ~2J”< 5, - Cz: 0’ 3
AV 0, +(e,/a°vz- 1)¢ =0,
/"uvzal*(eo,ubvz-‘)(‘v':o' 5
T e R A o — d.d
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Ao’d‘.nqu and 5ubi‘ruc+shg these e:au.a.\"t.uus th paz.rs, we have

“c:" '(JV1)(/r‘tAz)+ (d“_f + 634\-(31 x 32):‘0:
(6 7 £ (A28 )+ (g €' 651X, T 2j,, )0, £8,) - (8,2 ¢,) =0, (H18) g
Hov* (B, 2.8,) + (€ o v -1 ¢, ¢3) = 0.

N P A LR T T

3
Saimral s

Thus, there are tuo Soluh.m.sl each corves pondu"aﬁ Fo creulerly poleriscd waves

Lel, p.222]) stace the awglitudes must Satiscy
Az A, , B=ri,, L =%, Gl t9)

with either all upper signs or all lewer signs. Upov sabstitutiag (1149)

mto (IL16), we see that the upper wnd lower signs Give right und left

Civeular polavization, respectiveiy . The czuu'f«'cn for Yhe velueities o cb-

tamed by Jeﬁl;\.ﬁ the determinant ot the cocfficieuts cf +4, wwpoll " uides 1a .
x (u.t8) equal v zero

3 !
! <k, - pv* da€ s €y 0 l
3 43 fu g€ relx, F2Ling \ =0, (120

0 ‘ /“(;| v eol f
i

Thes 15 @ %u.adrah'c e%u«h'on th v‘, so that there are two pairs et Sgposite ly

E c(r(.u(arfy Polarizcd waves, Each pair of such waves combines to produce

1 a linearly polorized wave with « rotuting direction of polurieution Lo,

P.ZZZ}. T(\us, we have +wo cases of rotury poldriee‘h.on‘ {hesc may b€ 1dey-

i titied as optical and ucoustical by separa f—c'm, oul first the clectromagnef .

5 I ‘parf‘ of (:20) aud theu the clectromechameal purl . [he tuwo My, 4

fuct, he considered SCPa.rw!-el«, aw'ns to the large raho cf Ffe?..cnu'c.s .
(ot e order of 10°) at which +he fwo e Ffects arc sbscrved

”
&g Gkt
AT Y S

Pty

the electromaguetic part of the detecrminant 1n (1.20) 1s +he

LY d)

minor of the upper lert efcment . Thus, the pawr of optical velocihes

s 73.1(.»1 By
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6T ;
: b gz e-')(, <2 . I ! ' l’\
L + $C; . '
E; . ’5- o 113 Jn 3 = o, . (“‘z‘) E J
g | Ay -& : ' ‘
8 ' ;
: whicla yltell.s the d:'sfer:;on formula [el, p.4‘26] l ' |
n: -l=(x, * 2¢, )¢ +é,b“§")" s o l (n2z) i
where ny are the indexes of refrachbr;: . '
1 ' !
ne = c/v, (1-23)
and ¢ is the veloaty of [ight tn vacuo . . ' o o
. ' : ’ '
C= (60/(."-1 . v (24 5 .
!
. ) !
. From (u.zz), we have :
2 - 2 -1 . ' : | §
(p2=1)" =} ~1) " =4e,5. ¢ (1h.25) |
Mow, define n:é(mfn-) and assume ) v : : g
ln,-n_l< n,en.. (1-2¢)
¢ i
Then (11.25) becowes, approximately, l
! A
n-n_ =2(n-1)"¢,¢, . Qe :
wheve €, =€/n, I's He wave number in vacuo. ' |
The o'p‘h'ca( rotutory powey n 'mdl'ans per unt l’engf'ﬁ, Us gl.vem i
) by (61, p.222] ' L
3
bep = 54 (n_-n,). ' (ngg)’ %
Accorc‘(mg/y, from (1.27) and (11.28), 4
. ; 3z
0 d %:%' i
2 \& [} ! "-’
00,. = = (n'-i) € Jn (: ' '(11.29) %f
ts the formula for +he opticai ro .‘m‘ary power in tcrms of the average '
e
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;chg

3 index of refruction, n, along the ophc aus | the wav e ’e“‘iﬂ' " vacuo, A
:

= 21?’/;,, the fandamcm‘u/ (_ons'l-anf &, and the mm‘erm/caus"an Ji7s SJnas ’

it g

; w‘ucl\ as may be sean tn (1(. 8), measares’ f‘(tc M'femchon /vefwecn +4<po/'

.

- arizution und the polarization gradicnt. . T '
Eo ! . ' " :

E i ' The electromechanical part of the determinant 1n (14.20) 15 the min-

z H ’ ' i

o i . i

E i 'or of +he lower right elemen f, 50 that we have . " '
s '
% i < vt 'diel Ff
e ! = 745 ¥ Ve ‘ !

! - ' ~f . oot =0 (11.30)

3 i d1 S ¥ £ bss § & X F 2l !
',, g ! ' : ‘ ‘ ' . , .

"J i for the e%ua{-{on determining the velvccties of the tws wcousticar wuves, usi

Py ' P : ! ‘
T mfluenced by the cuasi-static polarization and, polarization gradieat  From

; i i Y ‘6 f : '
£ (1.30), ‘ ’ | :
23 s 1 P - \% 2 -l -
e;: | P'Vg = C““ (414; + ﬁ‘) /(b.ifg + 60 Xu + Z'Jﬂg)’ ’ (“.3‘) i
5 Tu view of, (11.19). and the inecsaall'f'y of v, and v, the bupeqﬂd}.lho.ﬂ of the

E: ' two waves yesults rotary Folan‘zu\"(én (acoustical detivity) with acoustieal
4 rof-ufon/ power

g ’ ; : N '

B “5w (V. -v,") . | (n.32)

>
wl\ere w is the circular 'fre%ueuCV Both waves are des persive. At the
o " gero é(erau.owc»' (fong wave) lim(t, from Ql 3) ane (6.3%4), wtb (6. 28)

g |

L i i

e ! t H 1 ' - i

: . 3 _ [4 r® - P
1 C metsdeatiad L G
A . whith is the result (without acoustital activity, since vp=v.) that would bé ob -
tawmed (f the com‘-r:buhon of the Pohnzm‘wn %’adlcm‘ were omrtec, ce. (f

3 " dies b s s were asscmed fo be zero. As H.e Frejuencq increases f'ront '
J ‘ zero tHe wbsolute ve/ocn‘e' d f{fcrem.e lV,. V.l, af first wmcreuses; 5o tHhat-

© He q(ou5+(ca/ activity a,,ur; ana tncreases . with further 1acrease of- |
‘ f rfiugu;.=1 , the ve/och‘yl dt‘ff.ereuc'( aga«'n af/roacize.s zero, stac €

; . : ) . i =

¥’ - a P 2 !

3 é’-’.’& PVs = Cqe - du-/bsfa ' : (1-34)

\ ] ' i

.
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so that the a¢ous{'¢ialacﬁ'vﬁy dt'mim'shes; but Hs is unJouW‘d/v beygud +Hhe
range of epplica bility of +he contfinuum t"teor7, Up o moderately larje

TR A A0

: wave numbers, ((1.31), with (6.28)and (6.34), qives, To the First order iy €,

P

3 R

v’/VS = | :(d7‘ -jl1 3,4)3“ f/cfm s (1.3%)

¥ RIS YT R

He wuve number: w=y,€; so that, from (U.32)and (1.35),

el

9Ac = (du ~di7 eu)ewﬂ“"z/k:‘)z . (1.3¢)

E where voz = c:;/[o Tn +his range, +he 'Freﬁueuca, s approximurely pryerfionl
g Thus, af fre?ucuc}es up to, say, 10" °cps, the acoustica [ rofutory ppwer ts
8 approximately propottional to the Siuwe of the \‘recbueuc(/ auc depcnds on the
constunts p, e, and CL, which are Lommonlr encountcred (n piezoelectricity
Heory, und also on ¥he constants dyg andy,;,which confrol +he coupling
ot the polarization grqd«enf with +he stram and ro/anza‘himj respectively.
For o(ﬂ%uar‘f‘t, all He guam‘nﬁes in the formuta (11-29) for opf-tcal
rotatory powcr are known ekeept jiy. Thus, for left-hauded quartz aud the
sodum D ll.ﬂej
Bop =~ 379 radan /meter (61, p.t8l],
A, = 5893 x 107" meter [0l pastl,
n= 1.553% {61, ptarl,
£,= 8.854 x 107" famd/\mci’er [w]
ence :
enee: i = = Oop A Jarte(nt- 1) 2 0.9 meter/farad . (137)
with the value of Jiz kuown, all 3u«uf-¢'he': n the formuia (11-36) for
acoustical rotatory power are ktown except dqg. In particular, Pine [56]
finds +het +he acousticu( aud optical activities have opfw('fe sigus and the

acoustical rofa?’-or7 power q/oa? the ‘I'n’goua/ Gaws s aboult 220 radiess /mefer

at one 3:'5ah¢r1’i. Thus, For lefthauded x—ﬁuarfaj

=
A

Pl K
'd\ i
i 1
p

Q MLARARC - A T T
ST B DA Th LR VR TR A ey 8 e, o I
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b = 220 radian/meter AR
w = 2w x10° radian/seconc L,

P R.68X 10° ki(ogmm/mefer" [623,

1}

Cop = 5794 & 10° newton/meter® [43],

\

€, = ~0.0406 cuulam(w/mcfe'l [63]).

”eﬁte/ £ \2 LS
d1a= brc (‘u) /< P *jnCa = 174 -0.0077 volt. (u38)

1

SO0 SRR RIS A R A R L 00 KRG R T A A e Gl WA Y S Al

A o B B & =

The second term, jiqea, 05 negligiblt n comparison with ¥he st sy Aatwe
may drop e dey&ndenw o1 4coustucel rof‘af'or-/ power on jiy3 (€, on Hhe iafcr -

wction between polcn‘;a\“-,“ ana polcri;ahan grad:enl‘, and p-e’,((q_e (11.30) with

bhe = dre C"_‘pw?/(c.!“)‘. (. 39)

T'Lu, accordimﬁ to s -Hueonll the presence of acousticaf ucktaty 1

c/\"guar'l'? deyends on the existence o F the ,;u:cdcd'n.'c. Stress consfant
Ciay = €ay, aud the (aferactwom consfant die, =d3zz3y Gelien stram aud
','Jo/'amta‘hon; whercas Hhe preseace o f opflca/ adah’f\/ dcfe«d.s only oa the cx-

1ofeuce of rhe 1atcraction consfant §,,, = Jisz, betuwecen polarizafcon una

oo iver catFeon ?rad teat.

e ——————r. . - e A A e Ty S T tceora - —— - -
e Taxas =
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12, Dfafomc}.) Elastic, Drelectric Continuum and Lattice

I, Potential qud Kinetrc Encrg;es.

A continuum +ﬁeor~/ of a cry stul with +wo falarliab(e atoves per cel/
may be pre duced by Combl'nl‘n? the fruedure.s em;/ored o ,4,.1-[;/;, * uwd 7 [_54],

Atoms 1n the Two wmllonenf confinuu are af,m'u identcfred éy ! and 2 with clis -

; w . '
placements now desigaated 67 U, K L1, and polriditions by Pdwl as illes -

frated n ng‘,, 17 : whele ,o(arctafcén 7rad:eaTsl straws , yelative displicement

und relative rotution are denoted by

- (] el % (2) ) % * *
oo S =g ruy), wmai -l wgs {ugmag), Gz

r-e:yechf/ely, The /pofcwhé/ energy dt’m;ﬁ, ofdefarmaf¢bn and pobriaav‘«}n 15

. . @) \
assumed to be a %udrahc funcfeow of 5‘_-;, t)‘.‘“') "u}‘:’/ uf and. w‘.J.“ s

=L L ty Q@) w ) ot S ¢ *
wo =W (56‘; ] s"j RVRL )P.o;c': ?4;,: s Yo “’Q)o

(12.2)

The +otel ’aofenhé/ cuergy densffy, W, s Qidl.n the eneryy demil-7 of

deformation and pe (arl'd-a‘h.an auament—cd "Y the C'ij dem,}y of the Maxwe/l,
electric self-field E, RUPE

W=Vt rieey, . (12.3)
The wsseciafed kinetic energy densify is agaia,

w, &, &) .
T=Z 40 a; a; , k=La; (=423, (12.4)

where ‘o"’ and p“’ are the wass deusities ot t+he fwo contirua ang the

[N

‘over~eot” notefton des«"gnm‘e; di'fferentiation with respect to e,

ii. Freld Eﬁuaﬁons and Boundary Coaditions.

The Field ecbuaﬁons and houndary conditions, corrc;poniin7 10
Fhe poﬂ:nﬁa/ aund kinetie energy deusités (12.3) aud (24), may bc

derved, as in Artide 1, by means of an exteusion ot a linear version

LW SN s e B e ¢ B A
o AT B e s O &*g‘?g

-

e o AR IS pacR i BEE o, HWRE il St e AT < 41

o

- e

[

£ 0 asd




P L PRy S

A L LGN S 2O R A T Y e

i SR ST A S B R L s

72

of Toupin's [42] variationa! priveyple for the classecal theory of elestic
dielectrics. The exteason accounts For the contributions ot 1le ’lo/lﬂ'l-aﬁ;m
qradm;ﬂ"/ the Two continua and the kinetic cnergy .

First | we define au electre en*ﬁal‘;y deusity — te energy deml'v“,
dim 1 (shed by the produtof the Magwell self-Freld, E;y amd the clectre

displacement Di. :

H=W - €D, (2.5)
wher
b= €E rP, {1.¢)
Ec=~¢@ > (12.7)
A A g,u: . (2.9

The tuclusion of the term %uf,ﬂn e fo/afl.?a'fw‘n dens:zf)/ F o was suggested
by P.C.Y. Lee Fo accommodate ayf/l?,m‘:'ons fo Conre Crvlsfu(s . The product
of tt.< charge den;}‘ft/ U and the relative displuccmenT ‘4? vepresents the
jouic, or afomic, polarization a> distinguished from +he clectronce polari-
Zutions Piw' In what follows, f 9y 4 not set Czé‘u.u, to 2ery, Hee seperseril
k=l identifies the positive fon aud fo =2 the neiqﬁ}( ton .

lu:eri‘l;\7 (12.3) and (12:4)-(12.8) in (12.5) we find
(O]
H= WL'26°L€2¢€£+(€"(P‘. O-Pim4-?,u:), (1z.9)

Ina /yod)« OCCuPyIM? a volume U bounded by a surfuce S separ
af'lnc, V from a Vatuum V the exteasion o Toupin’s variatrona/ prmc/p/f
Tukes the form

( e (T4 T dt/ (4204 + E200 £ dul )V

) . &l _ s '
+‘:;(ha{é(s ¢, bu, ds5=0, =12, (.19

({3}

for independedt variations of u & P aud @ befucen fixed luidts af frwes to

[

and €. ILn (2. (o) vt- V*V ‘fw *;Mqre the externc/ bod'y force s

T I-Y

o




(AL S e g S AR RO A i e S R S VL e A it il B C Ak (e A N L MO e D AR Y LSS S Sl A i A N .|
3

: 73

" and surface fractons on the tus continua and E;'; ¥ exfernal electrc field . Mo,
: ¢ W el _p®en0l o p@) , pRe P ko

: = LATH S 70T e SRY) + THU! + T b (2.1)
g: -

E where

3 L

! T, W e AW el X LA S AR . A (212

H d bs(n) 4 me a'a; Ll > ¥ Y] > ¥ .

] (H ¢ i U @

E Note Hal He E‘.M are He effective loc( fiolds of the Fuo Contirka & @5

E d(.;‘flhyu(;‘ed Frem the Mawwell colf - fFreld E‘-.

Weth the chain rule of.dr'fferenﬁ'a*:&n, (12.11) becowmes

SWs=Z[ 747 e 0T T)l0u - Z (g% e ) 0P
S TN D)
Tr(v'fulc{ He remnu‘f'm(’ part of H m (12.9) similarly, we lmrej mV:

S == E[Ty7 + 0T, -7 - g, 0] 84 - Z(e e
* 2l P - (0 g0 16 T e ) TS 10,
CT(E8PY) -l -P - C0 g e ; s (2.3

and, MV

U € 50~ & .6, e
Fur‘f'{\erl from (12.4),
L] ¢, '
§ A Tdt =~ %/ P &"-m J'u{‘)dt . (12.15) t
° to

znscrfl.nj (12.13)"(12./5) I'n (12.10) an¢ a/,/70;17 the dl'yem?euc( Hicorem where
alp,oro;ana.fel we find

J

I L WAL AN 7 ans

%[fdt/v [T“J': )" (T‘“ -T -‘%f ),- (-,)K?' T f(xl w uw }Ju(n

»
ot

+2 [ dtf {(EM el -, r62)8P  + [-e 0y 18, + (0G4 | Sp otV

w}a Lot g1

Y A R S e ~
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%, — w9 Eox w k)
_z;_{t dtfsfn,-_[l‘-j PO TI) -t 6y d S

| ] -~
& =) ¢, ) o \ w N, @ 180 dS
3 - Z.:(Lédt{s{m:;‘- §e v &°ant.].*?t * 9, 0%, |6
3 &
; - d{j P fedV =0 (12.16)
2 t, Jy
‘3 wher< n; s the unit outword normal +o 5 avd (Eq,‘- 1/'5 the jomp ) € across S.
%: FVMM (lz.l(-)/ we havc +he Culer ezua'f:‘ons wm Vi
: - () _1\¢ ¥ T ) () K ) )
it + (-1) (Tii,i =g 0d r £ r (0 g, g = M3,
E‘: W, e o _
E,' + Ecj,.; @; + Ej =0, (12.17)
(U] @) * _n.
3 R AT P«‘.,( * Pi,(' Qi T 0;
and, 1n v

eu =0, (12.18)

and also the boundlr~1 coudh’?i«s on S

AT F e Tl ty,

" Efj" =0, (12.19)

4 W, p o

- "a(‘%[ @)t PO T 3«°‘<) = 0.

.E As way be secen from (lz.lb)J boundury conditions alternative +ocach ot
i .- .

3 (12.19) are the syecitictton of u¥ PO qud @, respectively.

il Constitutive E%ua‘hdns.

We consider e constitctive ecuatfions For a cry stel with Nacl-Type

J

lattiee structure, whieh falls wuder cabic porit group M Im, tie g nivafors for

% which are ﬁfueu e (7010) . Owiul fo the Frvst 3ener¢for i (Mo} [ the centro- ’
s § sTmmef-r-] «jenom)‘or) +here can be no coefEicteats of odd rumb aud mo profucts .
’ of :«1m«eﬁt'¢ and an%c':v,mmgfné variables n the 8uud.mfl(: function W-. Thes
' , reduces the inderactions to tose betwecn variables coanected by full limes v Fig.

; 18; wheveas the dashed lne segmml.s denotc ex. (uded tafeructions . The

: Corres pondc‘mj ehergy function s

s o
AR s At Y T A VP G-t |
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_— kA ol o) KA () _CA) ) _m
. wh= 2.%' ( P P‘ t bqkﬂ 13 Plk +CLJ"Q Sc 5“ "qulrﬁ P(“) ke )
- i (k) 5% ‘ 3 'z w %
0 &)
. € (b¥ s, ) , (12.20)
) . .
where P(j,(';.)) aud Pfj 1 denote e s«,mmc‘nc auet auﬁ'ﬂ.[mme'frcc pq/f's of ef‘ s
)
s‘occh'vely. We nofe 'f'(af, 1 aenef'a/,
XA . Ak kA Ak A &
Qi =4 bc‘jki "Oke s “Gro = “u > ke X 90, (2.21)
and, frowm (1.10),
aJ = «S‘J,
cA - v KA *A
iju = b &i‘ju ¥ “u 6‘ fae b44 ( S;gfm t JCG ‘S.;‘k)"bw (5&555 -4 'A\ (2,22
12,22
’A = LKA KA
il ™ € Sijun * un Gy Bus # aq (8 Gy # 818)
. kA KA
d(;k! =d JJBI +d J 6[(( +d44(d;k +&, 4. )
4 * wherg ‘S;j (er J,;j“) is un;i'f/ when 1ts 1hdices are alike and Zero df“érw-llgl
: A A
P T S S

®A KA und . . . . . Ve
‘FOV b\'jltl) C.:J-‘“ auJ dfﬂd/ f‘e abbrewaf-cd nof’«ftou ‘For pars o‘f |ndl¢¢51 J or

k-‘, has been used — as i Avticle (. [+ ma be dbserved Hat watcrial

constunts with su‘/erscrfpfs Il or 22 denote wmteracttons withiu one of the

fwo (_omlﬂouen‘f contrady whereas constauts with s‘u(ersu;,;/'s 12 or 2] dexote

Mteractions between +he Fws component CoOnFrmua

From (12.12) aund (1z2.20)- 02.22), we flud yhe coustitatee G?uahlo"—‘

:u) go& fZ.(cM‘“ M)*c JJSM)fZ‘«St )PL.(J‘“‘; l(l U\) d G er:'kP(z:))):
. = E}q: ;GGAFW rq*"l,’
(LY A W kA W "
Eij = b + Z(6" 800 Py oo JGB*, *2bye i ,zg‘*p 3) (ré.24)
¢ Zd”w: . (dkk S(A) d W W) .
j ; ko Ske *412 05 S "zd‘“s“i ’
Uk Za®pM +a*'yf,
» _ #A o A\
TCJ—ZZJ P[ ]fZC J'
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We shall o s5sume -kéc‘fl 1 He ital .s'h'fe) .8 when

?“' (3] 5(‘) * +
“ ' q/ul:lwt:"J AP

AN}

G e T A A

there 15 no

resulfant foree ccwoss axy surtuce — exterir o thteror . Thafis

t"’ +t; =0,

ﬂxen, from the furst of (12,18),

AR A SR R N

AT

= (1) =) .
1 n‘-l-_j rin; 'CJ =0;

Ry

3o that, from the first of (12. 2¢4),

z‘: M

: ¢ e 20, (i2.25)
A'ccorc(lhsl\/) from Q?.Z?) end (l2.7.$')’ 1n the g'ul;“('a/ state

b LRSS . | TV, @

ECJT},T}-":-DJ J ICJ =0’ s
i but there (s & 3elf—e3«;li brated

1 i )

s ! E (“ = ko

f % d b [J

{ th each component continuwm.

|

3 ! V- Surface Eue(gy Of Deformation and Polarizaton.

; In a statfe of eguilibrm'm‘ the totail e“e’"f wm v 15, frow. (12.3),

] W g -~

Wecan write W* g He Fform .
’ L Wetwl 0 G (k) ) L R LI w )

. 2W e T (1 sy - et p e P TTR] Ty oy v 6 (s 58) )
“ Then, by the some proedure as Kafemy/qd " arn'w'uf «t (12.1),

: z L = W g K -7 M, 00 )

R wdr =2 T e 010 e (6% e v

Y ¢ Y 0 g '

] U T €S o (s, ()

. 1 )
o

e e S S e o i e e s e R e e
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Also,
/,,« G dv= '[,-‘6&‘{"”/*/5 nc[e;lpds. (12.28) %

Tusertivg (12.27) and (12.20) tn (12.26) aud applying the touefons of equilsbrivim
"9 Wy Z 7 “

.6 (12.47) wrth af':* =0, w He absence oF external forces (£* £7:0) we find

v

2% =3 [ ()" i 4 ra B P+ gu )l dV

@
% /s n{ITE e (O Tl r e P v [ T jds v L Jyn R s

e e A, S RS e % SRR 2 b RO | 4 g v b Y

Now
]V pc'i"' v -{v € P'-'de '-/, nPCpds,
fv- % (W' Yy ‘F)dV—’fs Wt dS.
Heuce

o I (g R, )4
tz [S n (B0 P Fcuf)ds, (12.29)

From (12.19) the first thH’;ral " (12.29) vanishes (T +he épundar7 Iy’ e,,rm-/.l free .

2% = f;/jn(- ([,""P‘.“" rc“u‘.*)dS )
A-c(,o/c(ivuflti, +e surface enerqy of detormatron aud polarnza ﬁén/ per wurl areq, /s
W.S = i”i[_bw Pc'w f'lazo PC(IJ '_Czouc*].s' (12.30)
This result is fo bz compsrecs weth  (10.9). :

v. Wave Motion.

Tle ebu.ah;ns of motton 1h ferwms of q‘.wl f‘.“’ aud ¢ are opfamed
by qufhi'u(’(‘.\(’ the constiYubive ez-uuft;ms (12,24) 1atv He Field P?ua)‘r‘au.s (z.17) N
with e yew(f/ for cach t,
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A KA ) e
%‘:c [qkl“!lu + G U c,t.J +c 1»4'( u(','l.j\} P

f?[d 5-“,‘ P’kb'* Pw fdM(P( P(ij)]

RN

s
3
b
i1
]
=
2
=
g
e
T
3
-
3
1
K
£
=

X’
A N
: + (1) ;[d’*( i Pc(:\j)*(—) ¥ J‘u. MJ)] :
- (pY . q*IpW pg?*(y, W, O W g
! - ¢La" P r P ta (U )f%.l.?‘-%. 4 £, =Py
(12.31)
W A u\) )
f—““&;u “ﬁa*d ults +dea(uig v ) e G0t ()]
XA w Ao A oW W _ uo
*Z[b Jlu "b" P A (Pau' *?m\ (Pm Fii i
M- [} (i) 1¢ [¢]] oy ° H
a, ¥, -a,,P (uf=uf) =g+ €] =0, f
0 (2 @ (A, ,
S+ Bl A qulu- ) <0 ‘

The essential features of wave motwn are reveuled by au cxaumsnateon of

plane waves in, say, the X, , or (100), diection

; . (g, ~wt)
. o ®s AWl

J l ’ P“’ B(«) L(’g.-urf.) 9= cci(yx.v-wt) (12.32) .

O

and f,-w, E;= 0. with these 'Fuucf‘c.ousl the five égua'h;ns (12.31) reduce to thae
for Iouﬁi-l'udcim( waves if j=1 aud trausverse waves if j=2 o 3. Thus ¢

Longitudinal (j=1)

0 () <« Hpt) #Fp00 w87 (2 ()
¢ Pm dll m tq P: +to h +a (“ 'ac)’gy‘Pl “c )

,‘: C“U,,, CN alll
b
3 ¢ 2z (1 (1] 0l el 0w (0N _ (@
i Cy "‘c?t FCdy, v vl P *du w Pu' AN (“4 -4, } CGF 4 o>
i
. ) 2aw_ ¢l @ _, W) _ -
d:ol “'i?‘ "d'? “?l)' "'b:: fc(u’ ¢ ‘u P‘u au au f-a (u, -y, J €, =0, (12.33)

a3l rdiuln v Pty P - ay PYV-a, PY-a"(uP-u") -, =0,
P+ B 3,((4“’ U ) - 6@y, =0.

Transverse (-’ = 2)
0] £ ! (n M p2 (:)
e ¢ u,‘,,+(c,,*c’)u,,, + (dy} -d*) ,,,+(d -4
Y1)
P(a) ¢q'me*au(q:n_q‘) 'o(l)u‘) ,

2 { 2
(G ahy + (=it + g o) + G +d") By,
_aqu _aaz ?UJ -q“(u,‘”-cg"’) :[)(z)azu)

2

(12.34)
(degd*) gy + Uy rd")q&’, + (byy +br7) B ,:" v (g » 3) P33

1 12 5(0) 3l { =
d,, qu qy Pz b (“s -U")) = o:

i

L Sy ey i,
G SN g O
AR
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¥ 22y ) al 2y (@ LY} L] 7] “2 )
(dQOU' /uz,u + (d« +d )Uz,u v (54'0 *"77 Pz,u + (b«* ":) Pr,n

at Y
-a, sz' q'l'l P,‘"-a"(u, -0-’,(_” ) = 0.

I+ may be noted Hhat the Maxuell seif-field 15 coupled o vhe weckenical

disPlacemeuf in the langi'/t«/m'a/ waves, but not o the trausverse waves . A3

s shown a the f'o“ow‘m.ﬁ hrticle f +he maﬁneh'z Feeld s tukmn intfs

account 1a /ougb/udu;a/ wave 13 uuc‘.anfed. buT there (s full coupling

of +he elestic and eleci 'amajnaﬁl feelds 1tn the frausverse wave -
UPon subs -h'quc.nﬁ (12.32) m (12.33) ana’elth«u;‘w*u«? A‘w, B,w and €,

we find the di}pcrﬂon velutzron for /Oug{'fudcha/ wuves

2

gl

5T el
R TN S f KA SR R

A = 0, (12.3s

Lart o
FQE3 LA

foime ra e

where O s the deferminant with element s

| B, = w0t gl - s, byt -g,e) ~d 8 =05,
‘ b a“*(ﬂié;"df * 204, Au’"a’z'?* 6 ~di 5 by,
§ A= rg € - a k" =0y, Dyy® -ay - €' -0 %", (12.36)
: § Bigzc "?06: ~dy, 8% =4, D3¢ ° -dy-g' b 8t by,
| R T SO Boy? =0 -6'= 0, 5"

Thes 15 @ %uur*lc eaua*lc'm tq £*. OFf the four branches, two are real ! one
acoustical aud vwe op'h'ca /, as may be verified by xéaw"mr Hoe ¥ one real

braud fa”ds ‘/(:/ou.jl! $=0) Wwz=0 Gud oOne Hmuii, 5" 6) wx U, We find,

b Ve ————— s

1 fact, .
. " az 12,2 W @ a =T
I“"no Ly = [t [( <+ N r 2(,,)5 - (P ’ﬁp )w 1DL Y 42,37)

w,§» u,j’-’o :

) wheve ,
; 0 . (B ¥ - T

a, e, a,+¢€, 9 *%., é. .

k'

- 2 . - )

D = au ,,e.' aa -t a”‘+ t-ol . (12.38) o

L auv% w5 - 3

i vl -t »? -t w2, .

L a"g.l QL @ g6 ;;3

. @

g

::i

: ' e ER Tt e et
K R ’”.Wm ‘ RNy L FONNGE oo siuiaia A ﬂ‘w R v R RSN, + Ferhahitm  m) VS PR FPRRYST
_ N . . L oG el kR Sl ie S B T T T P g ey
4 — X oy 4 . N I A O ‘f : ., . 2 ' . + * v " j‘ * Poge : v o

. 3 ’a@;‘ W Y Y 8 ‘,l . * ‘? R { N . . % . . . A ~ , - vl
&.&. 7 w R PP < . - . ‘g N . . - . : A . . o N
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d st R BT L B PR § I mme e =

~ an me—— e e < e g e

ao

HC“C?J a./ /Oﬂ? wervet /ekid,‘l 'f‘e 'F’ea*flcv o7 +(( /on5;.fqd‘~.¢/q¢au,fl‘. ware 1§

2T

wea = 5[ (e vt vaet ) ep®)]”. (12.39)

It mm{ be seen, ‘From (12,39)/ 'f‘(c'f‘ e u;ua/ low frefucuai eKfensione| stiFEf~

ess, Cu, s 3(‘6'601 by

y
5
|

s Curel r2c,) , (12.40)

. : a2
(. the sum of Hhy cxtensional st Ffresses, ¢, and €u, of the Fuv component
ConfFinua augmented by the 1utercomponent extensiona! stirfuess .E‘CI,z

The /anﬁ ware limi¥ of e /onﬁl'*uc{;m«( oPh'ca( branch; 135 cblaimed

from

R R R e A e e N N A S RS T

lim 4, W oWt [ (a fe;')(é“f‘.c.;l)-(a:f*é’-')']_(?u,"pw)%, (1z.4)

3~0

A‘euul the Il‘m:'h'nq Fn?ucm.'.’ of the /oﬂil‘fudc.m?/ Opﬁ.cal brach s

wio = (ke fpllrale)(i+ale)-(iralel]” (i242)

AL A TR T TR SRS LY AR Ay N D S B 0 AL

where

= (o(u‘pw/(wa Pw)' (l2.43)

Ge. D s tle reduce d deu.sif'/.
ITna similar w« Y, e ‘Fm.d, from (12.34‘)/ the C/l.‘s,aeru.cm relatfon

for frausverse wuves 1n +he (100) direction s

»
lv Ag
: Ay =0, (tz.44)
E whevre Ly 's the determinant with elements
3 )
= oM’ -a™ - (e, -t Ays= -a"'- (4 rd")E? =0,
E: 7
3 Ap> @ ~(Guec™)st=4,, Az s -a"-(deyrd” )}’ = Bers
%: A]J = Ol" ’(d;: ‘d'l)gzzd,“ A,, = _all ‘.( M." " )g"’ (‘2.4‘:)
j 8,3 0" -(dyy -d*N)E = 4, Bye = —ay' (g +bp)8% 20,
Y 22 2 2
i % w-a"- (G-, Aas® @), (b, Fo78%,

[T Exb ATV




< O TRRIY,
e P o o e e TR AT O TR TS Tt T mf'@%
8 P2 Cadd add *

&8l

Ajat'n, this (s a 3u.rfu'. in § T with Fwo real branches . For the /0017 were & -

PP

» 4 Ii
havier of Hhe +ransverse acoustic bramch :

et

w,h!':,bo :“{l'm [_(C*‘_?(“rZr,::)QZ“(P a’) ZJD 1 (12.46)

Fre radd miod u

where :
: 3

" " .l . H

a, a, a t

D=|a, a, a"|. (12.47) P

EITPEWRT g

ltence, there is a fransverse acoustec bramch werh /mm‘Mﬁ low ﬁeaueuay

e ha wor

St AR Am

= 8[(cs Zc..)/(p‘“ a1 RN CE

Tle /Oﬂj ware [t of the frousv- s¢ Opf'l'Ca/ branch 5 found Gom

/’W.' 41 11Pm (U z(a“au oc'cl 1') (/)(” lv)p] (/2-*9) ' '
50

{rove which +he /zi«ﬁ‘ul7 f'-rc%ueua1 of the frausverse aﬁ"fa;/ brawch ts

wro = [0/7 (a) alrai*al)]". (12.50)

vi. Cne- dimensional NaCl-fyre Lattice of Shell-model Atoms .

T{\Q Pur/u:e d‘f f‘(c's jcc—){(o-n t:s b2 J‘.Ow f‘(¢f" Hc o«c.-dlo;vcul;on«/

e%u,a,f(ou.s of 10n7i1‘«dt.‘ta/ wofwm (12.33) are e /o~1 weve linest oF rhe

ditferenle eczu.aha'u of mi¥ron of a cue-dimeunscoal M’c(—/'f-“g la¥Tree

of shell mode! atoms. Such a leffie ;s couvem'enfl.' represcuted by o

- .

jines of a/f'erna'fn'si atoms {posiFive and "fgt"';( rous, 1# the case ofan’

PESPEY. N

c loa cn1;/~u/) wiH, oue qfomt of each fype af-cach lertice :(.h-, a5 Shoen

" Foy 1§ — vhere the fwo ‘-;/./.—* of atow are identifred 6). tHe 41'7,3‘5 /
auJ 2.

LA i Tt bt it

B

Neerest nu%“ar i Feractions betumen unlike C:dJ'acenH afoms 1n cuch

hine and next haasesl ne:f,/véar iteractrons behceca like atoms 14 He two (raas

-

§

Yoy faskpls st

are Hose takan tto account, but no 14 teraclrons between wulike otoins ot e

I3

g
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. Same site are cousidered: Wi each of p aud 3 'feh:;? ‘o' He identificarons |
or 2, e force comsfenfs of 4{0 (nferactioms are c{lenol‘ec{ 6y Lo for te wtra-
afowmic core—~ shell mﬂmchou and ﬂ’i'ﬁ'f"y for Ve care ~core core = shel(

aud shell— shall mfemf'umc thteracions respecrively, betueen like atous for p=

4 aud wnlike atoms for pEQ. We nofe tat oy = Ogp and g = “‘"fﬂ" hr -

sifes af X :una, where n s a pesthre or nesifiee wyteger. The desylace ~

ments of He cores aud $ﬁ;((s of He éﬁ.« o F X =ha are deqbled by

”m and s" . respec:fwe/y, w[erc =10,2 fo J¢5(7ua ¢ #ie alowms of +Y.Pu { -

and 2. (( fov He yauy"uf ton aud 2 ﬁr e u%af'll( /on. 1 the case of an

lomc crystal).
The c?uuﬁ'on ot mo‘h‘ou of Hhe n™ atow of 4-%‘“ [ s o‘:ﬁu;ce;f
‘hf e%u.d'ckr‘ ts lhtrf'fa force to the suw of +le forces on (Fs core aud shell

exerhd ‘ He cores aud skells of +he tuwo neearesT dezglt‘or (unhke) atows,
“f".e two eyl acares? uetf’(«‘or (/:/\'f} afoms and +‘e Mag well, electric sal‘f—ﬁc({

a‘l‘ X =na:

Bu (“m “(")')’n(-’m 5“)' u,(\",. -u)')+ &, (m 5:')}

- Bulu-a ) -y (u-al et s ) - &, ,(."-s,f'f,)
A} (81 I}
+ palui =) epa(s -0) (0 -5 # o2, -50)

‘#ﬂ(un Gor) - ralw’sh) - 7'1‘(5 “ay) - - €125 -3m) ~ % £ “mla:‘ N C2Y)

S(mi/gr/y, for He shell alone, of +he +Y'°e [ afow :

™ 52N e puliin- 32+ s -s0') - pulsP-apl) = &y (s 520)

il ¢ pa(u 5, ) e ufam«-s:“)-n.(sw Uty - &, (55 .‘.“.+8E =0 (2.5)

where % ts He eectronte c‘arjc and the nass of the :/w/l‘ (s neglecked ,
We qdopt e &l/ow;n;, defimfous of electronc ﬂd(ﬂ:}aﬁéu denscties awd
mass densetids - '

P,,’ (s> "’)3/:: "“ul"’, , k=42 | (12.53)

S R IO N A e R

s
H
aly ez SOl S A i o,

Tle two lmes of atow's are fokeu to be perelle( +o te K, Gris with He atom |
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. At G A——

and also wmake the \‘o((owcé.cf (dentifiateons :

- - - i
a:: = (o(, v2p, erMrZJ'n)aJZ 2, :"': a:‘aa‘/z = 8, aés 2 ’
§ by = & d'g", ci= 0 R = (Byrry syt la, (12. 54)
| ci = (puvtpur 8)a", G @ = (sl |
dy = (Y" *&«)02849 d:f = “qﬂaz/z =(}'lt"";z)a‘?

Then ('Z.J'l) and (12.52) can be writfen as

X Azam"'(:.lA’u:u-}d“A Pw d,T'A‘P,m*a”P..")‘- -an "(u ) (u).g'Eh ={00)‘7"(" , (i2.53)

dqu a) 4:" [\‘(lf" b:: OIP(.)'_"::A';P.(:)_ 0:,' P,,"’ q“ P”(a) #I(“ "))*'E" - 0) (12.5%)
| where a* is, a.gu'u, the second centml difference divided by “«®.
: tZ'.. e same way, for the 4‘/?" 2 atom,

Cz‘: aaa(l) re atuﬁl d,’,zd pm Fd“ A pw__qﬂp"b)_auP(x) N(ua) (cl) "%’E . a;..(:.) (12-J7)

duduu) d" 2 (u lo:: A Pm b,, a4 P(:) 21 P”(,, - 0'2‘1‘7“0) q-z( Q) (n)) ,_E 0; (|2$)

wheve, (4 addifion tv (12.54), we tdentify

a:‘ = (dz + 2,314 2 Tt 5;2)03%-2 , b:z = &y aff'z

(2.59
du }'zx“ru)a 3

C‘z'z s (/522"2}’11 + 822)"5’)
A(so/ s tn Artecle 8/ e Céarie ﬁguaﬁ'on wa«l be written as
~e ¥, +3[pN. P g (u-ul)] =0, (12.¢0)

where D" and B are the Tay/or series ex,mux'mns of Te derivative /0«
wn terws of forward aud backwerd differences, respectively,

In He long wave lumit,

(«)

un > ux), P P00, E,w € (k)= -dep/ox,

(1z.0
L£§ =0 (x)/ox}, F—> 2/3x, . #en

Then (f2.:."s’)l (l2-$7), (12.56) and {/2,50), mHat order, redue to *he

P R
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3 five Cc&uaﬁons (12.33) 1y He order g;&en. Since the contiruum e:bu.ah;«s are the ’
/onﬁ wave liuct of He lathée ecduuf"°7l$, the two dispersion relatrons arc 1pse facto
;, the Same i the long weve limit.
I+ sholld be observed +lad, strictly spealeiing, He real segments of
1 Hhe optical branches ,in the continuum approvimateon, have wo valid role in
Cases w(er( He opf"‘ul aud acoustcc wmodes arc caqP(Cd ~ as, Tor exawmyle
m soluttons of +e e,%uu*hoiu for free baundar«/ condi frons. The 6e7u¢naéo
ot the two Yﬂ,pe: of wmode wust be Hie sowe, whe, Hﬁu( are coupled ;
but, any 'Fre?weuu{ ou a reuf segment of an opfcéu/ branch 15 so hu}h
_ Hat +he waye Ieu7% of He wcsustie bruuch, «t +Hat %qeucm s Too
A shorF *v be weth iy e rauge of vah'c/;)“, oF the contihruum u‘;;ﬂroxim«m;t-
In such situations f;(ere fsl ) geunera {, an upper liw( ¥ of Heiuenu,/
set %1 the wave /eubf'ﬂ [imitation of +£e ucoustie bmna‘es/ Fo wheeh
rhe solufion s restrcted,
’ thwever, there is an 1w por faut e&ce‘o'h}w.. At ’Frec6uenue',> e
r to wye or Wy, , The wave /euﬁ'f'f\ ot He @‘ah'ca{ brauch (s extremely long
j W wwwriw\ with that of the acoustec branch, In Het tese, the awy-
litude oF tle contribufron of tHe wcoustel part tv the couyled wode is
' smafl 1n comparison with vhe ewpli fude Conbibuatron of +e opkcalpert ; so
Hat +he ervor 1nfrociuced b-{ te u‘mccumc-./ of tHe acoustee branch 15 small.
,- In fact, the acoustic branch maq be discarded , thew, without seriousty

atfecting waat revmains — thas Ili«‘plffya;u, the cauuhbu of wofton - ke sit-
uakon is analogous + Haet o the +(teor1 of tlickness-shear aue €Flexural
vibrations of plates [65]. The thekucss shear branch corresponds ¥ the

optical branch and tHhe Flexar! branch corresponds Yo He acoustre branch,
At (’ni(uuués negr the cut-off f“?“"“‘? ot the Hiichkness- shear énud'/
Hee amplitude rafe of the fleyural Yo the Hckuness- shear modes 1s smelf
651 Iwn vhat case, Hie Flevurel raach can be discarded enf-lr.ch, aud «

Stmpler ".zu.a Feon OF woteon For e theclkness-shear wode , alone, noxy be
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written [661

In +he IoncJ wave, low ‘frc?:ue ey limet, we have ,1n udditien +9 (2.61),

u,m= uf” , le . P'w.
’ Then, with he notateons
uzu=u™ 4 P =P P 5 (J={a“"-:o“’
au='$.(allll"a|zlz*2al'az): b, = t(b "l’u"lb )
ut Cyr CiFe2el d, = (Al et e d e dt)

oy

tHhe sum of (12.65) aud (12.57)

. y +ie sum 0: (12.56 ) and (z2.5¢9) aud, 1’-m«1/y,

(12.69) beceme, respéu+t.>cl‘1/

Culdy vy Py = oy
D -~
duul,u *bu }l,u au '-(", = 9;

-60‘{12 + Pt,l = 0.

These are the ezuuhéus (7.t6) exiibited i Arteele 1 for /Cw.ry{.‘f-udtu;u/

widves 1a a simple, as opposed *oa compounas, Aielectrie conttauum, weth

.S‘»(mmd’n( m3ml wheu the polarizateon aradt‘em‘ s tatew bl accounT - Titus,
He long wave hmit et He e@u«f—:éw.s ef Hhe onc-duvensional, dratemic laTtice
c’:élds e («,?ua*h;w.s fer (ou.cai‘fud'n‘tu/ waves (n ¥the CCmpound onfituum
when vo restrivton (s placed ¢cn the *{r‘fcxuénct-)v/‘ whereas the loagq ueve

low ?reccuencq limit (.ﬂé/JJ the ecou.u‘!'cons of‘ the spugle (ontinuwm .

¥ ven{ /ow 'Frejuem.ua, e qeoustie branch is nulr(\/ exuct auc,

at »ero {—'u6u,m1, T (s abseal. The cﬁw«.m‘y et He ap,:rau.«a!‘wn then de -

pends oa the lew or 2ero 'Fr(zu-&n.c., values ot the :Jnagw‘mnl or complex

branches o t He dtkpevslbn relation . Thesc affect behavior 4F o near

surfuces. A type caul e Xewm ple ‘s 3(;'@1 by Hie difference belween of ana (A,
e g ary wave lengHs at zero \‘reiuwu, et He H:uuﬁl;nuhz braaches

of +he continuum and latfice dl:spérsl.on relations, in Article 8, ana +he
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role of +Hais differeace tn He solutions of the contiiuum and laTfrce egua- .

+t‘ons for Ca‘aac;fnucf ot +hin #c?mchh Artecle O,
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13. COuV(CJ E(nsf'c(., and Eltcﬁ'omnﬁn&ﬁa Frelds ¢u a

Diatomee j Oielectric Contimuum

E%ua{-zlous ?‘""‘;"1 cau’d&d mco[.a.m.w/ and e/ea‘/oma.jneﬁl F;é[cﬁ_; tor i -
tomuc, ziom'ci optically csotropec crystals were gt;ewb«( Huang [67,6 8] w1 terms
ofa yoo(an'nﬁ'on Var(.u‘(e, the relutive d/}/a(agemerd of Hie tons aud tHe
wsuel vartables of e e/&cﬁ'omaﬁneﬁl Feeld . These eimwfn}u have been ex -

teaded Ykt (4P accounl Fhe sepurute electron:. polarieafons wnd. the

sefaraf-c dis,ﬂace»«cnﬁ e the Y /'ans, te tonic fo(anhf‘ro'u, the fwo clectrone
poleritation 6"(‘.6‘(.@%{3 aud He +fwy cisplacement gmdve'nf:s, Hsede from o
more detuiled re‘ﬂruem‘aﬁ;m of He gfome and electronic 11 Hracﬁénsl tiere
are fwo wman cffects of tHhe addifiona/ wnSlU&mfl‘(o'n.s . F«rs'f: e eiuufrc«.s
are am/;(zu.w(e +v shorter wive /e't?%s/ ow[m‘ to the rclusion ot +he dis-
Phcemem"und Vo(ar('z—aﬁén rJradt'enB; sccond, fhe aceusfic brenches are
mcluded (o the d[_rrgrn'on re@hb_ns for ,olune whves, o addikon v the
optical brenches and +he e(ed—mm-a.JneF«_Z brunch .

As i Article 12, eack o f e +wo thfa—feneﬁahéj continun represedf
.}w) +he dratomee ¢r7>/~a/ has 15 own dis placement u?d, k=02, aud elec~
frontc Ioe(an'z ateon ?f‘). The stored cuergy of deformaFton guc ,ao(nn‘z—afral«
i He same as hefore ! w Funcfon of He widividual suwall shrams szl, He
? anc 6‘(:’) and the rela-

tmdividaa! Polarizetions aud polaricatiou 7/«dgei«f;, f’f“

rive d(:sp(aummf/ u‘., and n)'f'n'f'(an w J‘

W e (5(1} ) Pm P(x) Pm Pu\ u w (I3J)

cj, ‘J" Cr il 9 3 ¢y

/

—/H5;,:c:; be fore, e *of;/-.fo(an}'g\‘eoé,’ per Unet area 7, (s Hee surm of the

electiyonic polar}za'h.‘ms aud +he foucc ,oo(cn'tc ton
?‘ (U P(u + e' . (lS.Z)

ot the varia bles (m (13.1), only P; aud uc“ ave accounted for Hucuﬁ’s

[e7 687 czuaﬁons of wotronm.
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When +he Marwell, clectnc self-field, ., s quasi- stefe  (F salisfies

7/

ik Brj =0, (13,3)

¢t

wker(, as n (3.2), Sgik s the unct é/‘/‘!rna‘h;«s teusor . In the c/ecfran-qﬁneﬁé

case, (13.3) s replaced by

Sk Eug + 8, =0, (13.4)

1) ¢

w‘\ere, as in Arfle 11, +He mainuhé Fluy C{e“-s"'{"llzc,‘; st Fees

/I;l J‘Jk Bk/J' 2605.( + I." 5 B':,l'. =0. (43.5)

- e &

In additon fo (13.4) and (13.5) the Fiéld cﬁuafu'u (12.31) also hold bl
with tP)i reylaced 6)’ —EL'

Plane wares 1 +vhe [too] divection are expressed by

) e) { ¢ H
qé“\z Kf& e"w, PL' = Lzﬂeu’, E‘ ?—('1(@“# G;=N; eu+ (13.¢)

3

) ()

where gf=§x,—wt and K;, L,, M aud N; are constants.

Lu the case o€ longe fudihal waves,

u:" =U3“'= 0, le= P;k) =D s E,2E, = 0, 3.7
WKEE | RO Lm | et =

Then, from (13.4) ;=0 ce. tere 15 no a,upo/u;‘{ wiH Hhe mauguefic
£iéld . towever He Maxwell elechre self -freld s coupled weth +he
displacement aud fo{ariz-a’h'on Liofds . The solution, theretore, (s the
same as +Hhat found (n Article 12 for the case of the 8«44:«.‘-5&)‘1},
electrié frold, with dlkper:;on relaton (12,35) as the result.

Ot e two “timilay Fransverse waves, with displacements 14 the

divectons of ¥, and Xy, we chovse e Lormer for exammateen +

[ e

q'(k)=u:k); 0} P'(%):_P:!);D’ E":E’.‘:-D) 8,28, , @13.9) ;
ui‘“: K‘:’ew , P:"= L(:)ew , Ea= M,_ew, By= Ny e¥, (3.1




ISP TN I eSO v les o b e A QAR - e DRI R et 2 BT AR RN RS R AR S R VRS AN Ry e TR S R D a R T ‘%KW%
oA S T

£

—— g

e 3

g ;
]

]

89 ;

) T He case of e guasC-an’h.c electrie fe{d, +he absence of (13.5) perw fed v

| Ey,as well as By, +o be aero : but both muct be non-rero when e full clc- :
. +rom.a.anef—cL egua\‘-c'ons qre 1mposed .

To fiid a form of e dispersion determinent similar Yo (12.44), iF

useful Furst fp oxpress M, and Ny /n tewms o F K2 anct (¥ Hhrough +He use
of (13.4) aud (3.5) @

M,z ~iw N, ¢ =- C.!‘ [Lm , + ?,(Km Kz))] (1))
i
where )
€y = €~ § /,u,wl. (3.12)
- . - - . . .odd» Fy S - . - - - e ol . -

then +he results ((S.Il), a/m\? with (13.9) aud (13.10)' are 10 serted n e

TPLRAEE PR 0 !

remamthc‘ ezuaﬂ;us o ¥ lMo‘f‘t‘oﬂ) +he (atter are saksfied (€

AY =0, (3.13)

where L\F}M 15 the determinant with clemeunts

S PO (N, e g W,
T A i P W SN/ R
a5 Q" ’—%,,c-: ~(dl! 4% g2 =4y, 433° 'a:':‘ég (bye +b72)E2,

Buz @ rQuey - (eg=d")8%2 4, Byt —al-§ -G -b1) 220,
b, " W2 -68:6;'~ c“~")£'; a, =~a,, e* ‘(L..:‘ + b8,

The long wave, high Fmauonzq behavior is obtamed from

' i A7 = *{p Ve ey + ') v e 3 (el ] - (9rp®)0Y,  @i9)

» v

. where D_ is ui'n,:‘q 5‘;”" by Uz2.38). T(w.;/ e (niu‘)‘(n}, *meucuc¢7 (s

ER

wTO ’{DL/P[(au" ..)(au" ('o‘) (a ~i)t 3”1 (‘3'(5)

e, as found by truang 167,681, the same as the 1«4&;'&0\‘.9 Freguency of He
lonz‘f'ludcha( q‘hé«.( brauch .

P e urlnnh stdsan i ntatie, bk Yora
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T(\C lona ware, low Fre?uean behu.1ac s 3({/&1 by

w“g@-o Ai" ) al::?lo [(C;"t"' C::', +2 C&) &"l ((,tcl’_‘a(u)wzl D! N (,3_(‘)
where
Dy = (e, O = DY (e, pp st - &%) )

and D is ajach iiun b’/ (12.47), Thus , +here are two brauches , w it
“.m','h-\'«,) low Mﬁ“"“"f’ long war< bekaviors

Q)En < S(D/eo .D‘.)'/&' (|3,'3)
- whl = SL(Gh + G r263)/ (p eI ™ (1313)
- ) MR e e e o ~an -

ﬂe Civst of these i's Hhe /cvﬁ wave end of +he e(ecbo«qineh;_ brauc‘t,wl‘f".
slope egual o Hhe preduct of te veloc:.)‘«-, of eleetromagnetic waves
M « vacuam (&, ,)-'h and ¥he thdex of re Eraction (D,,/D)'“' in e
dielectrnc. The second is +he /ou.f’ wave end of the transverse acoustc
branch : identcal with Hhat for He guasi-static clechee €1éd (Artele 12)
and the purely elastic field (Article ). The lomg wave ,aon"‘lalts o f the
reel branckes of the dispersion velations for both the long/ frdina( and trous-
verse waves ace (llustrmted 1 Fig.20. The vertical scale of the acoustic
branches s expouded: The mf® o f Hew slyes o Hat of te cloctr maguetec
braucl s of Hhe srdor of 1077,

The /oa7 wave belaviirs ot afl +he real Yanches are /videlzeudenf ot
He Coasfants bijks , Cijro avud d"/"-‘l re. /hde,'/.an.:{uf of vte polau'tql‘ro;
tud d('s‘/(acemeac‘/ﬁmdfeuis. Also, e /ou7 wavt fimits oF the @cousfic
9raaolcs deyeud only ou e mass deusi¥ees and rthe elas ¥ stffuesses.
Hewce o5 Fur as e /u&r.)‘m'i bekaveor at 1he long wave ené 4§ cowcerned,
+{e resulfs, here, con Yorm with #“a"’i"’/ with He adde¥roi o F He gcous-
tei branckes. However as may be seeu frowm the determinanrs (12.35)
aad (13.03) , when He wave (ength Siicinishes From infiaity, He dis-

Placewent aud polari pafuwa 7rad¢'¢«n¥‘s atfect the disperscon re(q,r‘n'n’ @s

e m i cae - R A ol
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does tle coupling with He elashic field. Then the results dwerge trom
#uanc”s :

Awvery general treatment, c'ncludl'nj crystals of arla(-l-ran/ 5y -
vwefr)/, an arbitrary number of ijons and electrons per unit cell and

now- h'near, as well as [wnear, n +erac‘f‘wns) s c‘fc'vem by Lax und welson

[70].
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PART 1-GOVERNMENT

Administrative & Liaison Activities

Chief of Naval Research
Department of the Navy
Arlington, Virginia 22217
Attn: Code 439 (2)

471

Director

ONR Branch Office

495 Summer Street

Boston, Massachusetts 02210

Director,

ONR Branch Office

219 S. Dearborn Street
Chicago, 1llinois 60604

Director

Naval Research Laboratory

Attn: Library, Code 2029 (ONRL)
Washington, D.C. 20390 (6)

Commanding Officer

ONR Branch Office

207 West 24th Strect

New York, New York 10011

Director

ONR Branch Office

1030 E. Green Street
Pasadena, California 91101

U. S. Maval Research Laboratory
Attn: Technical Information Div.
Washington, D.C. 20390 (6)

. Defense Documentation Center
Cameron Station
Alexandria, Virgima 22314 (20)
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Army -

Commanding Officer

U. S. Army Research Office Durham
Attn: Mr. J.]J. Murray

CRD-AA-IP’

Box CM, Duke Station

Durham, North Carolina 27706

Commanding Officer

AMXMR-ATL

Attn: Mr. J. Bluhm

U. S. Army Materials Res. Agency
Watertown, Massachusetts 02172

Watervliet Arsenal

MAGGS Research Center
Watervliet, New York 12189
Attn: Director of Research

Redstone Scientific Info Center
Chief, Document Section

U.S. Army Missile Command
Redstone Arsenal, Alabama 35809

Army R & D Center
Fort Belvoir, Virginia 22060

Technical Library
Aberdeen Proving Ground
Aberdeen, Maryland 21005

Navy -

Commanding Officer and Director
Naval Ship Research & Dev. Center
Washington, D.C. 20007
Attn: Code 042 (Tech.Lib.Br.)
700 (Struc. Mech.lLab.)
720
725
727
012.2 (Dr. W, J. Sette)
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Naval Weapons Laboratory
Dahlgren, Virginia 22448

Naval Rescarch Laboratory
Washington, D.C. 20390
Attn: Code 8400

8410

8430

8440

6300

6305

6330

Undersca Explosion Research Div.,
Naval Ship R & D Center

Norfolk Naval Shipyard
Portsmouth, Virginia 23709

Attn: Dr. Schauer

Code 750

Naval Ship R & D Center

Annapolis Division

Annapolis, Maryland 21402

Aitn: Code A800, Mr. W. L. Williams

Technical Library

Naval Underwater Weapons Center
Pasadena Annex

3202 E. Footiill Bivd.

Pasadcna, California 91107

U.S. Naval Weapons Center
China Lake, California 93557
Attn: Code 4520 Mr .Ken Bischel

U. S. Naval Ordnance Laboratbry
Mecchanics Division

RFD 1, White Oak

Silver Spring, Maryland 20910

U. S. Naval Oxdnance Laboratory
Attn: Mr. H. A. Perry, Jr.
Non-Mectallic Materials Division
Silver Spring, Maryland 20910
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Techpical Dirccror |

U. S. Naval Undersca R & D Center

San Diego, Califdraia 92132 .

Supervisor of Shipbuilding

U. 5. Navy .

Newport News, Virginia 23607
Technical Dircctor

Mare Island Naval Shlpyard
Vallejo, Callforma 94592

U. S. Naval Ordnance Station
Attn: Mr. Garet Bornstein

Research & Development Div.,
Indian Héad, Maryland 20640

" Chief 'of Naval Opcrations |

Department of the Navy

. Washington, D.C. 20350
Atm: Code OP-07T

Dcep Submergencc, Systems
Naval Ship Systems Command
Code 39522 !

Department of the Navy
Washington, D.C. 02360

Attn: Chief Scientist

Director, Acro Mcchanics )
Naval Air Development Center-
Johnsville i

Warmmster, Pennsylvania 18974

Naval Air Systems Command
Department of the Navy
Washington, D.C. 20360

Attn: NAIR 320'Aero. & Structures

: 5320 Structures
604 Technical Library
52031F Matcrials
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Naval Facxlmes Engmeermg Commard

" Department of the Navy

Washmgton, D.C. 20360

Attn: NFAC 03 Res. & Development

. 04 Engineering & Design
.14114 ° Technical Library

Naval Ship Systems Command

Dept. of the Navy '

.Washington, D.C. 20360

‘Attn: NSHIP 031'Ch. Scientists' for R&D
0342 Ship Mats. & Structures
20.52 Technical Library !

Naval Ship Engineering Center
' Prince Geoxge, Plaza
Hyattsville, Maryland 20782
Atn: NSEC 6100 Ship Sys. Engr. & Des
. 6102C Computer ~-Aided Ship Des .
o 6105 Ship Protection ‘
6110 Ship Concept Design
6120 Hull Div. ! ‘
' 6120D Hull Div.
6128 Surface Ship Struct,
x 6129 Submarine Struct.

Naval Ordnance Systems Command
Dept. of the Navy " '
Washington, D.C. 20360
Attn NORD 03 Res & Technology
‘ 035 Weapons Dynamics
9132 Tech. Library ,

Engineering Department
U. S. Naval Academy
Annapolis, Maryland 21402

Air Force

——

Commander WADD

Wright- -Patterson Air Force Basg

Dayton,.‘Ohio 45433 !

Attn: Code WWRMDD AFFDL (FDDS)

Structures Division
AFLC MCEEA)
"Code WWRC AFML (MAAM)

Commander .

Chief, Applied Mechanics Group
U. S. Air Force Inst. of Techa.
Wright -Patterson Air Force Base

 Dayton, Ohio 45:133

. s 1
Chief, Civil Engineering Braach
WLRC, Rescarch Division
Air Force Weapons :Laboratory
Kirtland AFB, New Mexico 87117

Air Force Office of Sc1ent1f1c Res. .
1400 Wilson Blvd. )

Arlington, Virginia 22209

tAttn: Mechs . Div. :

'NASA

Structures Resecarch:Division
Naticnal Acronautics & Space Admin.
Langley Rescarch Center ,

Langhlcy Station :

Hampton, Virginia 23365

Attn: Mr. R. R. Heldenfels, Chief

Mational Aeronautic & Spatu Admin.
Associate Administrator for Advanced

Research & Technology
Washington, D.C. 20546

Scientyfi¢ & Tech. Info Facility
NASA Representative (S-AK/DL)
P, O, Box 5700

Bethesda, Maryland 20014
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Other Government Activities

Technical Director

Marine Corps Develop.nent & Educ . Command

Quantico, Virginia 22134

Director

National Bureau of Standards
Washington, D.C. 20234

Attn: Mr. B, L. Wilson EM 219

National Science Foundation
Engineering Division
Washington, D.C. 20550

Director

STBS

Defense Atomic Support Agency
Washiagton, D.C. 20350

Commander Field Command
Defense Atomic Support Agency
Sandia Base

Albuquerque, New Mexico 87115

Chief, Defensc Atomic Support Agency
blast & Shock Divisin

The Pentagon

Washington, D.C. 20301

Director Defense Rescarch & Emger.
Technical Library

Room 3C-128

The Pentagon

Washington, D.C. 20301

Chief Airframe & Equipment
FS-120

Office of Flight Standards
Federal Aviation Agency
Washington, D.C. 20553

Chief of Research and Development
Maritime Administration
Washington, D.C. 20235

Mr. Milton Shaw, Director

Div. of Reactor Develo. & Technology
Atomic Energy Commission
Germantown, Maryland 20767

Ship Hull Research Committee
National Research Council
National Academy of Sciences
210! Constitution Avenue
Washington, D.C. 20418

Attn: Mr. A. R. Lytle

PART 2- CONTRACTORS AND OTHER
TECHNICAL COLLABORATORS

Universities

Professor j. R. Rice

Division of Engincering

Brown University

Providence, Rhode Island 02912

Mr. J. Tinsley Oden
Dept. of Engr. Mechs.
University of Alabama
Huntsville, Alabama 35804

Praofessor R. S. Rivlin

Center for the Application of
Mathematics

Lehigh University

Bethlehem, Pennsylvania 18015

Professor Julius Miklowitz

Division of Engr. & Applied Sciences
California Institute of Technology
Pasadena, California 91109

Professor George Sih
Department of Mechanics
Lehigh University

Bethlehem, Pennsylvania 18015
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Dr. Harold Liebowitz, Dean
School of Engrg. & Applied Science
George Washington University

725 23rd Street

Washington, D.C. 20006

Professor Eli Sternberg

Division of Engr. & Applied Sciences
California Institute of Technology
Pasadena, California 91109

Professor Burt Paul

University of Pennsylvania

Towne Schoolof Civil and Mechanic»1
Engineering

Room 113 Towne Building

220 S. 33rd Street

Philadelphia, Pennsylvania 19104

Professor S. B. Dong
University of California
Department of Mechanics

Los Angeles, California 9C024

Professor Paul M. Naghdi
Div. of Applied Mechanics
Etcheverry Hall
University of California
Berkeley, California 94720

Professor W, Nachbar

University of Culifornia

Department of Aerospace & Mech. Engrg.
La Jolla, California 92037

Professor J. Baltrukonis

Mechanics Division

The Catholic University of America
Washington, D.C. 20017

Professor A. J. Durelli
Mechanics Division

The Catholic Univ, of America
Washington, D.C. 20017

1t

- e

Professor H. Hi. Bleich
Department of Civil Engincering
Columbia University
Amsterdam Ave. & 120th Strect
New York, New York 10027

Professor R. D. Mindlin
Department of Civil Enginecring
Columbia University

S. W. Mudd Bldg.

New York, New York 10027

Professor A. M. Freudenthal

George Washington University

School of Enginecring & Applied Science
Washington, D.C. 20006

Professor B. A. Boley

Department of Theo. & Appl. Mech.
Cornell University

Ithaca, New York 14850

Professor P. G. Hodge
Department of Mechanics
Illinois Institute of Technology
Chicago, lllinois 60616

Dr. D. C. Drucker
Dean of Engineering
University of 1llinois
Urbana, Illinois 61801

Professor N. M. Newmark
Department of Civil Engineering
University of Illinois

Urkana, Illinois 61801

Professor James Mar

Massachusetts Inst. of Technology
Room 33-318

Dept. of Aerospace & Astro.

77 Massachusetts Avenue

Cambridge, Massachusetts 02139

Library (Code 0384)

U. S. Naval Postgraduate School
Monterey, California 93940
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Dr. Francis Cozzazelli

Div. of Interdisciplinary
Studies and Research

School of Engineering

State University of New York

Buffalo, New York 14214

Professor R. A. Douglas

Dept. of Engineering Mechanics
North Carolina State University
Raleigh, North Carolina 27607

Dr. George Herrmann

Stanford University

Department of Applied Mechanics
Stanford, California 94305

Professor J. D. Achenbach
Technological Institute
Northwestern University
Evanston, Illinois 60201

Director, Ordnance Research Lab.
Pennsylvania State University

P. O. Box 30

State College, Pennsylvania 16801

Professor |. Kempner

Dept. of Aero. Engrg. & Appl. Mech.
Polytechnic Institute of Brooklyn

333 Jay Street

Brooklyn, New York 11201

Profcssor J. Klosner
Polytechnic Institute of Brooklyn
333 Jay Street

Brooklyn, New York 11201

Professor A. C. Eringen

Dept. of Aerospace & Mech. Sciences
Princeton University

Princeton, New Jersey 08540

Prof. S. L. Koh

School of Aero, Astro & Eng. Sci.
Purdue University

Lafayette, Indiana 47907

)28

Professor R. A. Schapery
Civil Engineering Department
Texas A & M University
College Station, Texas 77840

Professor E. H. Lee

Div. of Engrg. Mechanics
Stanford University
Stanford, California 94305

Dr. Nicholas J. Hoff
Dept. of Aero. & Astro.
Stanford University
Stanford, California 94305

Professor Max Anliker
Dept. of Aero. & Astro.
Stanford University

S tanford, California 94305

Professor Chi-Chang Chao
Div. of Engincering Mechanics
Stanford University

Stanford, California 94305

Professor H. W. Liu

Department of Chemical Engr. & Metal,

Syracuse University
Syracuse, New York 13210

Professor S. Bodner
Technion R. & D. Foundation
Haifa, Israel

Dr. S. Dhawan, Director
Indian Institute of Scicnce
Bangalore, India

Professor Tsuyoshi Hayashi
Department of Aeronautics
Faculty of Eugineering
University of Tokyo
BUNKYO-KU

Tokyo, Japan
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Praofessor J. E. Fitzgerald, Ch.
Department of Civil Engineering
University of Utah

Salt Lake City, Utah 84112

Professor R. J. H. Bollard
Chairman, Aeronautical Engr. Dept.
207 Guggenheim Hall

University of Washington

Seattle, Washington 98105

Professor Albert S, Kobayashi
Department of Mechanical Engineering
University of Washington

Seattle, Washington 98105

Professor G. R. Irwin

Dept. of Mechanical Engrg.
Lehigh University

Bethlehem, Pennsylvania 18015

Dr. Daniel Frederick
Department of Engrg. Mechs.
Virginia Polytechnic Inst.
Blacksburg, Virginia 24061

Professor Lambert Tall
Lehigh University
Department of Civil Engrg.
Bethlehem, Pennsylvania 18015

Professor M. P. Wnuk

So. Dakota State University
Department of Mechanical Engrg.
Brookings, South Dakota 57006

Professor Norman Jones

Massachusetts Institute of Technology

Dept. of Naval Architecture & Marine Engrg.
Cambridge, Massachusettz 02139

Professor Pedro V.Marcal
Brown University

Division of Engineering
Providence, Rhode Island 02912

Professor Wexner Goldsmith
Department of Mechanical Engineering

Div. of Applied Mechanics
University of California

Berkeley, California 94720

S Ve Z i L AT AT

)b

_ A T A LY S DR
L T PR SR S e R AL SR R e AT T A T T R T T S R e e AT BYR ?"m
;

Professor R. B. Testa
Dept. of Civil Engineering
Columbia University

S. W. Mudd Bldg.

New York, New York 10027

Dr. Y. Weitsman

Dept. of Engrg. Sciences
‘fel-Aviv University
Ramat-Aviv

Tel-Aviv, Israel

Professor W. ). Pilkey

Dept. of Aerospace Engrg.
University of Virginia
Charlottesville, Virginia 22903

Professor W, Prager

Division of Engineering

Brown University

Providence, Rhode 1sland02912

Industry and Research Institutes

Mrzr. Carl E. Hartbower
Dept. 4620, Bldg. 2019 A2
Aerojet-General Corp.

P. O. Box 1947

Sacramento, California 95809

Library Services Department
Report Section, Bldg. 14-14
Arxgonne National Laboratory
9400 S. Cass Avenue
Argonne, lllinois 60440

Dr. F. R. Schwarzl
Ceantral Laboratory T.N.,O,
Schoenmakerstraat 97
Delft, The Netherlands

Dx. Wendt

Valley Forge Space Technology Cen.

General Electric Co.
Valley Forge, Pennsylvania 10481
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Library Newport News Shipbuilding
& Dry Dock Company
Newport News, Virginia 23607

Director

Ship Research Institute
Ministry of Transportation
700, SHINKAWA

Mitaka, Tokyo, Japan

Dr. H. N. Abramson
Southwest Research Institute
8500 Culebra Road

San Antonio, Texas 78206

Dr. R. C. DeHart
Southwest Research Institute
8500 Culebra Road

San Antonio, Texas 78206

Mr. Roger Weiss

High Temp. Structures & Matcrials
Applied Physics Lab.

8621 Georgia Avenue

Silver Spring, Maryland 20910

Mr. E. C. Francis, Head
Mecch. Props. Eval.

United Technology Center
Sunayvale, California 94088

Mr. C. N. Robinson

Atlantic Rescarch Corp.
Shirley Highway at Edsall Road
Alexandria, Virginia 22314

Mr. P. C. Durup
Aeromechanics Dept., 74-43
Lockheed-California
Barbank, California 91503

Mr. D. Wilson

Litton Systems, Inc.,

AMTD, Dept. 400

El Segundo

9920 West Jefferson Blvd.
Culver City, California 90230
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